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A quasi-ordinary polynomial is a monic polynomial with coefficients in the power
series ring such that its discriminant equals a monomial up to unit. In this paper,
we study higher derivatives of quasi-ordinary polynomials, also called higher order
polars. We find factorizations of these polars. Our research in this paper goes in two
directions. We generalize the results of Casas—Alvero and our previous results on higher
order polars in the plane to irreducible quasi-ordinary polynomials. We also generalize
the factorization of the first polar of a quasi-ordinary polynomial (not necessarily
irreducible) given by the first-named author and Gonzalez-Pérez to higher order polars.
This is a new result even in the plane case. Our results remain true when we replace

quasi-ordinary polynomials by quasi-ordinary power series.

1 Introduction

In [15], Merle gave a decomposition theorem of a generic polar curve of an irreducible
plane curve singularity, according to its topological type. The factors of this decom-
position are not necessarily irreducible. Merle’s decomposition was generalized to
reduced plane curve germs by Kuo and Lu [12], Delgado de la Mata [3], Eggers [4], and

Garcia Barroso [5] among others. In [6], Garcia Barroso and Gonzalez Pérez obtained
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decompositions of the polar hypersurfaces of quasi-ordinary singularities. On the other
hand, Casas-Alvero in [2] generalized the results of Merle to higher order polars of an
irreducible plane curve. In [8], we improved his results giving a finer decomposition in
such a way that we are able to determine the topological type of some irreducible factors
of the polar as well as their number.

Our research in this paper goes in two directions. We generalize the results
of [2] and [8] on higher order polars to irreducible quasi-ordinary singularities (see
Theorem 10.10 and Proposition 10.11). We also generalize the factorization of the first
polar of a quasi-ordinary singularity (not necessarily irreducible) from [6] to higher
order polars (see Theorem 10.4). This is a new result even in the plane case.

Our approach is based on Kuo-Lu trees, Eggers trees, Newton polyhedra, and
resultants. As it was remarked in [18] and [6], the irreducible factors of the polar
of a quasi-ordinary singularity are not necessarily quasi-ordinary. For that reason,
we measure the relative position of these irreducible factors and those of the quasi-
ordinary singularity using a new notion called the P-contact, which plays in our
situation the role of the logarithmic distance introduced by Ptoski in [17].

The paper is organized as follows.

In Section 2, we recall the notion of the Newton polyhedron of a Weierstrass
polynomial f € Kl[x]lly] and we use it together with the Rond-Schober irreducibility
criterium [20], in order to give sufficient conditions for the reducibility of f. The most
important result in this section is Corollary 2.6, which allows us to characterize, in
Theorem 9.1, the irreducible factors of the higher order polars of the polynomial f.

In Section 3, we present the notion of the Kuo-Lu tree of a quasi-ordinary
Weierstrass polynomial. Then, in Section 4, we identify the bars of a Kuo-Lu tree
with certain sets of fractional power series called pseudo-balls and we introduce
the notion of compatibility of a Weierstrass polynomial with a pseudo-ball. Every
quasi-ordinary Weierstrass polynomial is compatible with every pseudo-ball associated
with its Kuo-Lu tree. Moreover, if a Weierstrass polynomial is compatible with a
pseudo-ball, then any factor of it is compatible too (see Corollary 4.5). In Lemma 4.6,
we prove that, under some conditions, the normalized higher derivatives inherit the
compatibility property. In Section 5, we introduce, using Galois automorphisms, an
equivalence relation in the set of pseudo-balls, called conjugacy, and we explore the
compatibility property for conjugate pseudo-balls. We generalize the Kuo-Lu lemma
[12, Lemma 3.3] to higher derivatives in Section 6. In Section 7, we introduce our main
tool, monomial substitutions, that allows us to reduce several questions to the case

of two variables. In particular, if f and g are power series in d + 1 variables such
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that after generic monomials substitutions we obtain power series f, g in two variables
with equal Newton polygons, then the Newton polyhedra of f and g are also equal (see
Corollary 7.4). In Section 8, we extend the notion of Eggers tree introduced in [4], to
quasi-ordinary settings. Remark that the tree we use here is not exactly the Eggers—Wall
tree introduced in [18] for the quasi-ordinary situation. The main result of Section 9
is Theorem 9.1, where we characterize the irreducible factors of higher derivatives of
quasi-ordinary Weierstrass polynomials. Theorem 9.1 allows us to give factorizations of
higher derivatives, in terms of the Eggers tree, in Section 10. Theorem 10.4 generalizes
the factorization from [2] on higher order polars to quasi-ordinary singularities (not
necessarily irreducible) and also the factorization from [6] to higher order polars.
Theorem 10.10 and Proposition 10.11 extend the statements of [8, Theorem 6.2] to
irreducible quasi-ordinary Weierstrass polynomials. Finally, in Section 11, we establish

that our results also hold for quasi-ordinary power series.

2 Newton Polyhedra

Let o = Zai)_(i € Slx]] be a nonzero formal power series with coefficients in a ring S,
where x = (x;,...,x4) and )_{i = le ~-~Xfid, with i = (i;,...,i). The Newton polyhedron
A(a) € R? of « is the convex hull of the set Uez0 + Rgo. By convention, the Newton
polyhedron of the zero power series is the empty set.
The Newton polyhedron of a polynomial f = 3; ; aiJ)_(iyj e Slixllly] is the polyhedron
A(f) C R? x R of f viewed as a power series in Xy,...,Xg,y. If T is a compact face of
A(f), then fir = > jjer ai,j)_(iyf € Slxllyl is called the symbolic restriction of f to I'.

We say that a subset of R%*! is a Newton polyhedron if it is the Newton
polyhedron of some polynomial in S[[x]I[y].

Let = (q;,.--,qy) € Ogo and let k be a positive integer. We define the

elementary Newton polyhedron
{L} := convex hull ({( 0), (0 0,k R4H!
k — qlr-”rqd/ )/(/-~~r ’ )}+ ZO)‘

Its inclination is, by definition, %q. We denote by {%] the Newton polyhedron A(y¥),
which is the first orthant translated by (0, ..., 0, k). By convention, we consider it as an
elementary polyhedron.

4,2)
Example 2.1. The elementary Newton polyhedron { 8 [ is drawn in Figure 1.
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(0,0,8)

(4,2,0)

4,2
Fig. 1. The elementary Newton polyhedron { ( 8 ) }

A Newton polyhedron is polygonal if the maximal dimension of its compact faces
is one.

Remember that the Minkowski sum of A,B c R%*! istheset A+ B:={a+b
a € A,b € B}. If a Newton polyhedron A has a representation of the type

£l
i=1 ¢ ¢

then summing all the elementary Newton polyhedra of the same inclination in (1)
we obtain a unique representation, up to the order of the terms, called canonical
representation of A. We introduce in ng the partial order: q < ¢ if ¢ — q € Ogo.
By convention +oo is bigger than any element of Ogo. If the inclinations in (1) can be set

in a well-ordered sequence then A is polygonal.

2.1 Newton polyhedra and factorizations

1/k 1/k
d

Let K be a field of characteristic zero. We denote by Kl[x;"",...,x; "1 the ring of

fractional power series in d variables where all the exponents are nonnegative rational
numbers with denominator k € N\{0}. Put K[[x'/N]] := Ugcn (o) Kllx,’%, ... ,Xcl/k]]- We will

denote by
aK[[x'/N]] = {aw : w € K[[x'/N]]}

the ideal of K[[x!/N]] generated by « € K[[x!/N]].
A Weierstrass polynomial in K[[x]lly] is a monic polynomial where the coeffi-
cients different from the leading coefficient have vanishing constant terms. Notice that,

according to this definition, the constant polynomial 1 is a Weierstrass polynomial.
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The next lemma gives sufficient conditions for reducibility of Weierstrass
polynomials. One of the consequences of this lemma is that a Weierstrass polynomial
with a polygonal Newton polyhedron admits a decomposition into coprime factors such
that the Newton polyhedron of each factor is elementary (see Theorem 2.4, see also [6,
Theorem 3]).

Lemma 2.2. Letg=y™ +cy™ !+ - +¢,, € Klxlllyl be a Weierstrass polynomial.
Assume that there exists q € Q% such that ¢;K[[x'/N]] € x9K[[x'/N]] for all 1 < i < m with
equality for some i = iy, 1 < iy < m and strict inclusion for i = m. Then, g has at least

two coprime factors.

Proof. We will apply [20, Theorem 2.4]. Without lost of generality, we may assume that
iy is the maximal index i € {1,...,m — 1} such that ¢;K[[x'/N]] = x"9K[[x'/N]]. Then, the
segment I' with endpoints (0,...,0,m) and (i,q, m — iy) is an edge of A(g). The symbolic
restriction of g to I' is the product gl = y™ % . g, where § € Klx]lyl is coprime with
y. The associated polyhedron of g, in the sense of Rond-Schober (see [20, page 4732] is
mq + Rgo. Hence, the polynomial g verifies the hypothesis of [20, Theorem 2.4] and the

lemma follows. "

Remark 2.3. The assumptions of Lemma 2.2 mean geometrically that the Newton

polyhedron A(g) is included in the elementary polyhedron {%}, and A(g) has an edge
', which endpoints (0, ...,0, m) and (iyq, m—1i,), for some 1 < i, < m. Figure 2 illustrates

the situation.

Theorem 2.4. Let f € Kl[x]lly] be a Weierstrass polynomial. Assume that A(f) is a
polygonal Newton polyhedron with canonical representation >.._, % .
i
Then, f admits a factorization f;---f,, where f; € Kllxllly] are Weierstrass

polynomials, not necessarily irreducible, such that A(f;) = {%} fori=1,...,r.

1

Proof. Letf = g;---g, be the factorization of f into irreducible Weierstrass polyno-

mials. Since the Newton polyhedron of a product is the Minkowski sum of the Newton
q‘

o)

By Remark 2.3 A(g;) is elementary; hence, for fixed j only one term of the previous sum

polyhedra of the factors, by hypothesis we get A(g;) = >iqb for some b;; € Q..

is nonzero. On the other hand, for fixed i, we get Zj bij = 1. Put f; = ng, where the

product runs over all 9g; such that bij # 0. Then, f = f;---f., where A(f)) = {%} for

13
1i=1,...,r.
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Fig. 2. Illustrating the assumptions of Lemma 2.2.

Theorem 2.5. Let f(y),g(y) € Llyl be monic polynomials, where L is a field of
characteristic zero. If g(y) is irreducible in the ring L[y] then the polynomial R(T) =
Res y(T—f(y), g(y)), where Res (=) denotes the resultant, is a power of an irreducible

polynomial in L[T] (this includes the irreducible case).

Proof. Lety,,...,¥,, be the roots of g(y) in the algebraic closure of the field L. Then,
R(T) = H{ZI(T — f(¥;)). Since L is a field of characteristic zero and g(y) is irreducible,
the Galois group of the field extension L. — L(y;,...,¥,,) acts transitively on the set
{yi,.-., ¥yl It follows that this group acts transitively on the set {f(y;),....f(¥,)}
Hence, if R =R, - -- R, is a factorization of R = R(T) into irreducible monic polynomials
in the ring L[T] then R; = R; for i # j. ]

The next corollary will be used in the proof of the main result of the decompo-

sitions of higher polars, which is Theorem 9.1.

Corollary 2.6. Let f(y), g(y) € Kllxllly] be Weierstrass polynomials. If the resultant
Resy(g(y),f(y) — T) € Kl[[x]l[T] satisfies the assumptions of Lemma 2.2, then g(y) is not
irreducible in the ring K[[x]l[y].

Proof. By Lemma 2.2, the polynomial R(T) has at least two coprime factors. By
Theorem 2.5, g(y), considered as a polynomial in K((x))[yl, is not irreducible, thus by

Gauss Lemma it is not irreducible as a polynomial in K[[x]l[y]. [ |
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Remark 2.7. Beata Hejmej in [11] generalizes Theorem 2.5 to polynomials with
coefficients in a field of any characteristic. Hence, the results of this section hold for

fields of arbitrary characteristic.

3 Kuo-Lu Tree of a Quasi-Ordinary Polynomial

From now on, K will be an algebraically closed field of characteristic zero. Let f(y) €
K([x]lly] be a Weierstrass polynomial of degree n. Such a polynomial is quasi-ordinary
if its y-discriminant equals x'u(x), where u(x) is a unit in K[[x]] and i € N¢. After Jung-
Abhyankar theorem (see [16, Theorem 1.3]) the roots of f are in the ring K[[x!/N]] of
fractional power series and we may factorize f(y) as [[i~,(y — «;), where o; is zero or
a fractional power series of nonnegative order. Put Zerf := {o; : 1 < i < n}. Since the
differences of roots divide the discriminant, for i # j we have

a; —a; = x%v;(x), forsomeq;; e a? and v;;(0) # 0. (2)

The contact of o; and «; is by definition O(e; @) = q;. By convention,
O(a;, ;) = +o00.

Remember that in ng we have the partial order: q < q if ¢ — q € ng and by
convention +oo is bigger than any element of ng. As usual, we write q < ¢’ when q < ¢’
and q #q'.

After [1, Lemma 4.7], for every o, o, o € Zerf one has O(x;, o) < O(aj,ak) or
O(a;, ap) > O(aj,ak).

Moreover, we have the strong triangle inequality:
O(O(i,()lj) > min{O(ozi,otk),O(aj,ak)}. (STI)

The strong triangle inequality involves three values: O(e; o), O(e; o) and
O(a;j, o). It follows that two of them are equal and the third one is bigger or equal
to the other two.

In general, we say that the contact between the fractional power series « and 8
is well-defined if and only if « — g = x3w(x), for some q € Q% and w € K[[x!/N]] such
that w(0) # 0. In such a case, we put O(«¢, 8) = q.

Now, we construct the Kuo-Lu tree of a quasi-ordinary Weierstrass polynomial
f. Given q € 0‘21'0 we put o; = o; mod qtif O(a;, o)) > (q, for o;,a; € Zerf. Let h, be the
minimal contact between the elements of Zer f. We represent Zer f as a horizontal bar B
and call h(B) the height of B,. The equivalence relation = mod h(B,)" divides B, = Zer f

220z 2unp g0 Uo Jasn zipeD ap PepIsIdAuN Aq 81.90585/G01/2/220z/a10me/uiwl/wod  dno-olwapee;/:sdiy woly pepeojumod
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o B 14

T(f)

Fig. 3. The Kuo-Lu tree of f(x,y) = (y2 — X?X%)(y — X?X%).

into cosets By, ..., B,. We draw r vertical segments from the bar B, and at the end of the
Jth vertical segment, we draw a horizontal bar that represents B;. The bar B; is called
a post-bar of B, and in such a situation we write B, L B;. We repeat this construction
recursively for every B; with at least two elements. The set of bars ordered by the inclu-
sion relation is a tree. Following [12], we call this tree the Kuo-Lu tree of f and denote
it T(f). The bar B, of minimal height is called the root of T(f). For every bar B of T(f),
there exists a unique sequence By L B L B” 1 --- L B, starting in B, and ending in B.

In the above construction, we do not draw the bars {«;} C Zerf. These bars are
the leaves of T(f) and they are the only bars of infinite height.

Let B,B' € T(f) be such that B L B'. All fractional power series belonging to B
have the same term with the exponent h(B). Let ¢ be the coefficient of such term. We
say that B’ is supported at c on B and we denote it by B L, B'. Observe that different
post-bars of B are supported at different elements of the field K.

This construction is adapted from [12] to quasi-ordinary case.
Example 3.1. Let f = fif, € Cllx;, x,]llyl, where f; = y? — x3x2 and f, = y — x3x2.
Observe that f is quasi-ordinary since its y-discriminant equals 4X?Xg(—1 +XZX%)2. The
roots of f are o = Xf/zxz, B = —Xf/z

tree of f.

x, and y = x;x35. In Figure 3, we draw the Kuo-Lu

In Figure 3, we draw also a vertical segment supporting T(f) called by Kuo and

Lu in [12] the main trunk of the tree.

4 Compatibility with Pseudo-Balls

Let o € K[[x'/N]] be a fractional power series and h € Ogo. The pseudo-ball centered in «
and of height h is the set « +x"KI[[x!/N]]. The pseudo-ball centered in « of infinite height
is the set {«}.
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Let f be a quasi-ordinary polynomial. Consider the bar B = {o; ,...,e; } with
finite height h of the Kuo-Lu tree T(f). Set B := o + x"KI[x'/N]], where o € B. As o;;, —«; €
xPK[[x!/N]] for 1 < k < I < s the pseudo-ball B is independent of the choice of «. If
B = {«;} is a bar of infinite height, then we put B =B. The mapping B — Bis a one-to-one
correspondence between T(f) and the set of pseudo-balls T(f) := {o; + (o; — aj)K[[)_(l/N]] :
a;,a; € Zerf}. For the purposes of this article, it is easier to deal with pseudo-balls;
hence from now on, we shall identify the elements of T(f) with corresponding pseudo-
balls. Such pseudo-balls will be called quasi-ordinary pseudo-balls.

Let B = a + x"®K[[x!/N]] be a quasi-ordinary pseudo-ball of finite height. Every
y € Bhas a form y = Az(x) + ¢, x"® + ..., where A(x) is obtained from any g € B by
omitting all the terms of order bigger than or equal to h(B) and ellipsis means terms of
order bigger than h(B). We call the number c, the leading coefficient of y with respect
to B and denote it Icz(y). Remark that ¢, can be zero.

Let L be the field of fractions of Kl[x]]. It follows from [10, Remark 2.3] that
any truncation of a root of a quasi-ordinary polynomial is a root of a quasi-ordinary
polynomial. Hence, the field extensions L — L(A3(x)) < L(Az(x),x"®) are algebraic

and we can associate with B two numbers:

e the degree of the field extension L — L(i5(x)) that we will denote N(B) and
e the degree of the field extension L(iz(x)) <> L(iz(x),x"®) that we will
denote n(B).

In this section, we introduce the notion of compatibility of a Weierstass
polynomial g with a pseudo-ball B. We define a polynomial Ggz(z) that will play an

important role in the sequel.

Definition 4.1. Let g(y) € Kl[xllly] be a Weierstrass polynomial and B be a pseudo-ball
of finite height. If

for some Ggz(2) € K[z] \ {0} and some exponent g(g,B) < (Ozo)d, where ellipsis means
terms of order bigger than g(g, B), then we will say that g is compatible with B. The

polynomial Ggz(z) will be called the B-characteristic polynomial of g.

Example 4.2. Return to Example 3.1. Let B = o + X‘;’/ZXZK[[)_II/N]] be a pseudo-ball of
T(f) of height h(B) = (3, 1). Observe that

9

f g +2x"®) zf(z’—‘<%'l)) =222 - Vx5 + -
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Hence, the polynomial f is compatible with the pseudo-ball B and its B-
characteristic polynomial is Fyz(z) = z(z2 — 1), but for example the polynomial g(y) =

Yy — X; — X, is not compatible with B.

Our next goal is to prove in Corollary 4.5 that if a Weierstrass polynomial is

compatible with a pseudo-ball then any factor of it is also compatible.

Lemma 4.3. Let g(y) € Kl[x]lly] be a Weierstrass polynomial and let B be a pseudo-
ball of finite height. Consider g(Az(x) + zx"®) as a fractional power series §(x) with
coefficients in K[z]. Then, g(y) is compatible with B if and only if the Newton polyhedron

of g(x) equals the Newton polyhedron of a monomial.

Proof. If g is compatible with B, then by (3) we get A(gx)) = A(x99P). Con-
versely, suppose that the Newton polyhedron of g(x) equals the Newton polyhe-
dron of the monomial x9. Then, g(x) has a form xI1>} ai()_()z”_i, where at least
one of the values q;(0) is nonzero. Hence, the B-characteristic polynomial of g is
Gp(z) = 3% 5 a;(0)z" . [

Remark 4.4. From the proof of Lemma 4.3, we get that §(x) has the form G(2)x99® +

> heq9.8 @ (2)x", where ay(2) € Klzl.

Corollary 4.5. Let g € Klxllly] be a Weierstrass polynomial compatible with a
pseudo-ball B. Then, any factor of g is compatible with B. Moreover, if g = g,g, then
GB(Z) = (Gl)B(Z)(Gz)B(Z)-

Proof. The Newton polyhedron of the product is the Minkowki sum of Newton
polyhedra of the factors. Hence, if A(g) = A(x9) and g = §,g, then A(g;) have the form
A(x%) for some q;, q, such that g = q; +q,. The equality Gz(z) = (G1)5(2)(G,)5(2) follows
from Remark 4.4. ]

Next lemma generalizes to d variables [8, Lemma 3.1].

Lemma 4.6. Let f(y) € Kl[xlllyl be a Weierstrass polynomial of degree n compatible
with the pseudo-ball B. Then, for every k € {1, ..., deg F5(2)} the Weierstrass polynomial
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Higher Order Polars 1055

gly) = (”r‘l!k)’ ;—;cf (y) is also compatible with B and its B-characteristic polynomial is
_ k
Gylz) = @R %FB(Z).

Proof. Differentiating identity f(Az(x) + zx"®) = F5(2)x30®) + ... with respect to z we
which proves the lemma for k = 1. The proof for higher derivatives runs by induction
on k. |

Let f(y) € KlIxlllyl] be a Weierstrass polynomial of degree n. The Weierstrass
polynomial mr_l—.k)!;—;c f(y) of Lemma 4.6 will be called the normalized kth derivative of
the Weierstrass polynomial f(y) € Kl[xll[y] and we will denote it by f® (y). The variety
of equation f® = 0 is called the kth polar of f = 0. Since the normalized nth derivative
of f is constant, in the rest of the paper we consider normalized kth derivatives of f for

1 <k<degf.

Lemma 4.7 Let f(y) € Kl[x]lly] be a Weierstrass polynomial and let B be a pseudo-ball
of finite height.

(1) If f is compatible with B, then for any y € B we have
f(y) = Fpepy)x®P + ... @)

(2) Iff(y) =[1L,(y — «;) and we assume that one of the following holds: x is a
single variable and B is arbitrary or f is quasi-ordinary and B € T(f) then f

is compatible with B and we have

Fy(2) = const || (z—lczey) (5)
i:a;€B
and
q(f,B) = > min(0(k, a;), h(B)). (6)

i=1

Proof. Since y € B we can write y = Ag(x) + 7 (®)x"®, where 7(x) = lcg(y) + ---. By
Remark 4.4, we have f(y) = f(,®) + 7 (@x"®) = Fy(70)x?'P + - = Fp(legy)x?P +
--.. This proves (4).

Suppose that y = Az(x) + e)_fh(B), where e is a constant. We have f(y) = Hlnzl()/ — ;). In

order to prove (5) and (6), it is enough to compute the initial term of every factor y — «;.
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1056 E. R. Garcia Barroso and J. Gwozdziewicz

h(B)

If o; € B, then the initial term of y —«; equals (e—lcge;)x™* . Otherwise, the initial terms

of y —«o; and Ay — o; are equal. We finish the proof multiplying the initial terms. ]

Corollary 4.8. Let f(y) € Kl[xllly] be a quasi-ordinary Weierstrass polynomial. Then,
every factor of f(y) is compatible with all pseudo-balls B € T(f) of finite height.

Lemma 4.9. Let f(y) € Kllx]llyl be a quasi-ordinary Weierstrass polynomial, p(y) be a
factor of f(y) and B, B’ be bars of finite heights in T(f) such that B L B'. Then,

q(p.B) — q(p,B) = #(Zerp N B)[h(B') — h(B)l.

Proof. Consider B and B as pseudo-balls. Put p(y) = [[yczerp(¥ — ). Let y € B,y' € B’
be such that O(y,«) = h(B) for all « € BNZerp and O(y’,a) = h(B’) for all « € B NZerp. By
the STI, we get O(y’,a) = O(y, ) for any « € Zerp\B'. If « € Zerp N B’ then O(y, «) = h(B)
and O(y’,«) = h(B’). Hence,

ap.B)—qp,B) = D, 0y @)— D O,

aecZerp acZerp

#(Zerp N B)[h(B) — h(B)].

Lemma 4.9 is similar in spirit to [9, Lemma 2.7].

Lemma 4.10. Let B be a quasi-ordinary pseudo-ball and let g(y) € Klixllly] be a
Weierstrass polynomial compatible with B. Then,

(1) Gy(z) = z* - H(z"P), for some k € N and H(z) € K[zl.

(2) If g is irreducible and quasi-ordinary then Gg(z) = az* or Gy(2) = a(z"® —

c"®)l for some nonzero a, ¢ € K and some [ € N.

Proof. Remember that L is the field of fractions of K[[x]l. By [14, Lemma 5.7] and
[10, Remark 2.7] the algebraic extension L(Az(x)) < L(A5(x),x"®) is cyclic. Hence, the
generator ¢ of the group Gal(L(z(x)) = L(A5(x), x"®)) acts as follows: p(A5(x)) = Az(x)
and ¢(x"®) = wx"P, where o is a primitive n(B)th root of the unity. Applying ¢ to (3)

we get
9Op@ + 20x"P) = G2 10D + ... (7)

for some 0 < k < n(B). Substituting wz for z in (3) and comparing with (7) we

get Gp(2)w* = Gy(wz). Multiplying this equality by (0z)"®~* and putting W(z) :=
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7"P~kG,(z) we obtain W(z) = W(wz). This implies that W(z) = W(z"P), for some
W(z) € Klz]. We finish the proof putting H(z"®)) = z "® W z™"®)). This proves the first
part of the lemma.

Suppose now that g is irreducible and quasi-ordinary. Let y = Agz(x)+cx"® ... €
BN Zerg. Since the extension L(Az(x)) <> L(A5(x),x"®)) < L(y) is Galois, any other root
of g belonging to B has the form Az(x) + wicx® 4 ... for some 0 < i < n(B). Using the
first part of the lemma and the equality (5) we complete the proof. |

5 Conjugate Pseudo-Balls

In this section, we define an equivalence relation between pseudo-balls called conju-
gacy relation. This will allow us to introduce, in Section 8, the notion of the Eggers tree
of a quasi-ordinary Weierstrass polynomial.

Let M be the field of fractions of K[[x!/N]]. Observe that M is a field extension of
L (the field of fractions of K[[x]]).

Lemma 5.1. Let ¢ be an L-automorphism of M. Then,
(1) for any q € Q¢ there exists a root w of the unity such that ¢(x9) = - x9,
(2) PXIx'/NT) = Kllx"/M]],
(3) if u is a unit of the ring K[[x'/N]] and q € (Q. )¢ then ¢(u - x9) = @ - x9 for
some unit & € K[[x'/N]]. )

Proof. Let k be a positive integer. Observe that x; = ¢(x;) = go((xil/k)k) = (p(Xil/k)k.
Hence, gO(Xil/k) =c- Xil/k for some ¢ € K\{0} such that ¢ = 1. It follows that for any
q € 02 there exists € K such that ¢(x%) = wx? and »™ = 1 for some positive integer m.

Every element of the ring K[[(x'/N]] can be represented as a finite sum >, a,x9
where q = (q;,...,qy) € (Ozo)d (0 < g; < 1) and a4 € K([x]]. This together with (1) proves

items (2) and (3) of the lemma. | |

Let B, B’ be pseudo-balls. We say that B and B’ are conjugate if there exists
an L-automorphism ¢ of M such that B = ¢(B). The conjugacy of pseudo-balls is an
equivalence relation. It follows from Lemma 5.1 that conjugate pseudo-balls have the
same height. Moreover, two quasi-ordinary pseudo-balls B and B’ of the same height
are conjugate if any irreducible quasi-ordinary polynomial that has one of its roots
in B has another root in B’ (in this way conjugate bars were defined in [13, Definition
6.1]). If B" = ¢(B) then Ay = @(Ag). The converse is also true; if h(B) = h(B’) and there

exists an L-automorphism ¢ of M such that Az = ¢(Ag) then B and B’ are conjugate. It
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follows from the above that the number of pseudo-balls conjugate with B is equal to the
degree of the minimal polynomial of Az, which is the degree N(B) of the field extension
L — L(pX).

Lemma 5.2. Let B, B’ be quasi-ordinary conjugate pseudo-balls. If p(y) € Kl[x]llyl is a
Weierstrass polynomial compatible with B then

(1) p(y) is compatible with B'.

(2) q(p,B) =q(p,B).

(3) The characteristic polynomials Py (z) and Py(z) of p(y) verify the equality

Pp/(2) = OPg(wz), for some roots of the unity ¢ and w.

Proof. Let ¢ be a L-automorphism of M such that ¢(B) = B'. Then, ¢(ig) = Ag. By
Lemma 5.1 we have ¢(x"®) = » 1x"® and ¢(x2PB) = 9x4PB for some roots of the

unity 0 and w. Applying ¢ to (3), with g replaced by p, we get

pOg + zw ' x"®) = Po(2)0x9PP) + ...

This gives q(p, B) = q(p, B') and Py (0~ '2) = 0Py(2). [ ]

6 Kuo-Lu Lemma for Higher Derivatives

Let f(y) € Kllxllly] be a quasi-ordinary Weierstrass polynomial. We begin with combi-
natorial results concerning the Kuo-Lu tree T(f). Remember that we identify any bar of
T(f) with the corresponding quasi-ordinary pseudo-ball. At the end of the section, we
apply these results to Newton-Puiseux roots of higher derivatives of f(y).

Take an integer k such that 1 < k < degf. With every bar B of T(f) we associate the

numbers
e m(B) that is the number of roots of f(y) that belong to B,
e 1n;(B) =max{m(B) —k, 0}, and
e t;,(B)y=ni(B)— > p 5 niB).

The numbers m(B), ni(B) and t;(B) depend not only on B but also on T(f).

Moreover, by Lemma 4.7 one has m(B) = deg Fz(2).

Remark 6.1. For 1 < k < m(B) we have ni(B) > 0, t;(B) > 0 and for m(B) < k < degf
we have n; (B) = t;(B) = 0.
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We denote by T (f) the sub-tree of T(f) consisting of the bars B € T(f) such that
m(B) > k. Let F € K[z] be a non-constant polynomial. Let F*¥) denotes the kth derivative
of F.

Definition 6.2. We will say that F is k-regular if one of the following conditions holds:

(1) F® is zero or
(2) F® is nonzero and there is not a root of F of multiplicity < k that is a root
of F0,

Recall that common roots of a polynomial F and its first derivative are multiple
roots of F. Hence, any polynomial is 1-regular.
In general, it is not easy to verify the k-regular property. In this paper,

polynomials of the form
F(z) = (2" — ¢)} € K[z] (8)

play an important role. Their properties are described in the following lemma, which
was proved in [8, Lemma 5.3] for complex polynomials but by Lefschetz Principle it

holds true for polynomials over any algebraically closed field of characteristic zero.

Lemma 6.3. Let K be an algebraically closed field of characteristic zero. If
F(z) = (2" — ¢)® € Klz] with ¢ # 0 then for 1 < k < degF(z) one has %F(z) =
Cz%(z" — c)P TIL, (z" — c;), where C # 0 and

(I) 0<a<nanda+k=0 (mod n);

(2) b =max{e—k,0};

(8) d = min{e, k} — {%1, where [x] denotes the smallest integer bigger than or

equal to x;
(4) ci;écjforl§i<j§dand07éci7écfor1§i§d.

As a consequence we get the following:

Corollary 6.4. The polynomial F(z) as in (8) is k-regular for any k.

Remark 6.5. Let F(z) = const[]/_,(z — z;)™, where z; are pairwise different, m; > k

for1 <i <sandm; <k fors < i < r. After differentiating, the multiplicity of any root
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drops by one. Hence, putting F'¥1(z) = [T,z — zi)mi_k we obtain the decomposition

F®(z) = FTK1(z)FL* (z) (9)

into two coprime polynomials. A polynomial F is k-regular if and only if F and F'* do

not have common roots.

Definition 6.6. Let f € Kllx]lly] be a quasi-ordinary Weierstrass polynomial. We say
that f is Kuo-Lu k-regular if for every B € T(f) of finite height the polynomial Fy(z) is

k-regular.

We finish this subsection with some results for Weierstrass polynomials with
coefficients in the ring of the formal power series in one variable.

Let f(y) € Klxllly] be a square-free Weierstrass polynomial. Fix B € Ti(f) and
assume that {By, ..., B} is the set of post-bars of B in T} (f). Denote B° = B\ (B;U---UB,).

Theorem 6.7. Let f(y) € KlIx]lly] be a square-free Weierstrass polynomial over the ring
of formal power series in one variable. Let f(y) = [, (¥ —«;) and f®(y) = ]_[J'-‘:_lk(y - B))
be the Newton-Puiseux factorizations of f and f®. Then,
(1) for every B € Ty (f) the set {j : B; € B} has n;(B) elements;
(2) for every B € Ty (f) the set {j : B; € B°} has t; (B) elements;
(3) for every B; there exists a unique B € Ty (f) such that B € B
(4) let B € Ti(f). If the polynomial Fy(z) is k-regular, then for every «; € B,
B; € B° one has Oy, Bj) = h(B). Otherwise, there exist «; € B, B; € B° such
that O(a;, ) > h(B).

Proof. Proof of (1). Suppose first that B € T, (f) has finite height. Then, by Lemma
4.7 Fg(z) = const Hi:aieB(z — lcg(@;)). By equality (4) of this lemma and Lemma 4.6 we
get ngk) (z) = const Hj:ﬂjeB(z - ch(ﬂj)). Hence, the set {j : B; € B} has degFz — k = ni(B)
elements.

If the height of B is infinite then B = {«;} for exactly one Newton-Puiseux root
«; of f(y). Hence, for k = 1 n;(B) = 0 and f'(y) does not have roots in B since f is
square-free, while for k > 1, B ¢ T} (f).
Proof of (2). It is enough to count the elements of the set {j : g; € B°} using (1).
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Proof of (3). Let B, be the root of the tree T'(f). By (1), {B;,. .., B,_x} is a subset of B. It is
clear that the sets B° for B € T} (f) are pairwise disjoint and their union is equal to B,
This proves (3).
Proof of (4). Assume that By, ..., B, are the post-bars of B supported at z;, ..., z,,
respectively, and that m(B;) > kfori € {1,...s}, m(B;) < kfori € {s+1,...r}. Then, by
Lemma 4.7 Fy(2) = [[[_;(z — z;)™ 5.

After Remark 6.5 the kth derivative of Fz(z) is the product of two coprime

polynomials
F(2) = F{ @)Fy (2),

where Flgk] (2) := I, (z — z)"™EBD,

We get degFlgkJ (2) = t;(B). Hence, it follows from (2) and (3) that all roots of
FlgkJ (z) correspond to those Newton—Puiseux roots of % (y) that belong to B°. For a; €B,
B; € B° one has O(ay, Bj) > h(B) if and only if lcg(e;) = ch(/Bj), which means that the
polynomials Fg(z) and degFlgkJ (z) have a common root. Since Fgz(z) is k-regular if and

only if deg Flgkj (z) and Fy(z) do not have common roots we get (4). [ ]

Remark 6.8. Let f(y) € Kl[xll[y] be a square-free Weierstrass polynomial over the ring
of formal power series in one variable. Let B € Ti(f), B; € BN Zer f¥) and put ¢ = lcgB;.
Then, FIEH (c) # 0 if and only if g; € B°. If Flgk] (c) = 0 then there exists a sequence of
post-bars B L. B; L --- L B;such that ; € By and B; € Ty (f).

For Weierstrass polynomials that are Kuo-Lu k-regular, the counterpart of [12,

Lemma 3.3] is true:

Corollary 6.9. Let f(y) € KlIxlllyl be a square-free Weierstrass polynomial over the
ring of formal power series in one variable. Assume that f is Kuo-Lu k-regular. Then,
under assumptions and notations of Theorem 6.7; for every «; € Zerf, B, € Zer f¥) there
exists o € Zer f such that O(¢;, B;) = O(o;, o).

7 Newton Polyhedra of Resultants

In this section, we give a formula for the Newton polyhedron of the resultant
Resy(f(k) (), p(y) — T), where f(y) is a Kuo-Lu k-regular quasi-ordinary Weierstrass
polynomial, p(y) is a factor of f(y) and T is a new variable. We prove that for irreducible
p(y), the Newton polyhedron of the resultant is polygonal. The particular case of this
result for k = 1 and p(y) = f(y) was proved in [7, Theorem 4.1].
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7.1 Monomial substitutions

Let g(x,y) € Kllx, yll. For any monomial substitution x; = u'?,..., x; = u’4, where r; are

positive integers, we put
", y) i=g@™,...,u,y). (10)

We will write simply g(u, y) when no confusion can arise.

Observe that for g = x° we get gi*! = u™'S), where (-, -) denotes the scalar product.

Lemma 7.1. Let f(y) € Kllx]lly] be a quasi-ordinary Weierstrass polynomial. There is
a one-to-one correspondence between the bars of T(f) and the bars of T(f)). If B and B
are the corresponding bars of T(f) and T(f'"), respectively, then
(1) h(B) = (r,h(B)) and t;(B) = t;(B);
(2) for any factor g of f, the B-characteristic polynomial of g and the B-
characteristic polynomial of gi*! are equal and q(g", B) = (r, g(g, B)).

Proof. Set u' = (u™,...,u?). If Zerf = {o;(x)}], then Zer firl = {o;(uH}, and
O(a;(u"), a(u")) = (r, O(e; (%), (%)) for i # j.

Hence, every bar B = {ozij()_()}J’?:1 of T(f) yields the bar B = {cvij(ur)}J’?=1 of T(f) of height
(r, h(B)).

Substituting u' for x; in the equation (3) appearing in Definition 4.1, we get
I W) + 2u"®) = Gy u™IIB) 4.
hence the second part of the lemma follows. |

Example 7.2. Letf = (y?—x;)?—x%x, € Kllx;, x,]lly]. This polynomial is quasi-ordinary
and irreducible. Its roots live in the ring K[[X} / Z,Xé/ 2]]. After any monomial substitution
x, = u'', x, = u'?, the roots off are in the ring K[[u!'/2]]. The degree of the fields
extension of the fractions fields of K[[ul/?]] over the field of fractions of K[[u]] is 2,
which is strictly less than the degree of f. Hence, f is not irreducible over the field
of fractions of K[[u]]l. Consequently, in general, the irreducibility is not preserved by

monomial substitutions.

The proof of the next lemma is similar in spirit to the proof of [7, Theorem
4.1] and the proof of [7, Theorem 9.2]. The same arguments were used there in special

situation. Here, we repeat the proof for the convenience of the reader.
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Lemma 7.3. Let g(x,y) € Kllx,yll and A € R%"! be a Newton polyhedron. For any
re (R>O)d let Al be the image of A by the linear mapping Ty R? x R —> RZ? given by
(a,b) — ((r,a),b). If A(@G") = Al for every r € (N\{0})¢, then A(g) = A.

Proof. For every Newton polyhedron A C (Rzo)dJrl and every v € (Rzo)d+1 we define
the support function (v, A) = min{(v,«) : o« € A}. To prove the lemma, it is enough
to show that the support functions I(-, A(g)) and I(-, A) are equal. As these functions are
continuous, it suffices to show the equality on a dense subset of R‘;gl.

Let7=(ry,...,7g11) = (T, 74,1) € REEL, wherer = (..., 7y).

Perturbing 7 a little we may assu1;1e that the hyperplane {a € R%! : (F,a) =
I(¥, A(g) } supports A(g) at exactly one point & = (&, &4, ). Since after a small change of
7 the support point remains the same, we can assume, perturbing 7 again if necessary,
that all r; are positive rational numbers.

We will show that
17, A) =1(r, A(g)). (11)

Multiplying 7 by the common denominator of |, ..., ry,; we may assume that
all r; are positive integers. At this point of the proof, we fix 7. We claim that I(F, A) =
(1, rg. 1), A and IF, A(g)) = 1((1,7g.1), A (§T)).

The first equality follows from the definition of 7. and the identity

<?I Ol) = <(1l T'd+1), nr(“))

for @ € R4H1,

Write @ = (¢,04,;) € R and g(x,y) = X, d,x%y*+ e Kllx, yll. Since the
hyperplane {a € R%t! : (7,a) = I(F, A(g) } supports A(g) at &, the term d&u“@)y‘s‘d+1 of gi*J,
satisfies the equality (r, &) +ry &4, = U(F, A(g)), while for all other terms d, u "%y~
with d, # 0 appearing in g[ﬂ, we have (r,a) +rg, 04,1 > 17, AQ)).

Hence, I[((1,74,1), A(Q) = (r,&) + g 18,1 = (T, A(g)), so we get (11). [ |

Corollary 7.4. Let g;(x,y), 9,(x,y) € Kllx, yll. Suppose that A(Q[Ir]) = A@[zr]) for every

r € (N\{0h<. Then, A(g;) = A(gy).

Theorem 7.5. Assume that f € K[x]ll[y] is a Kuo-Lu k-regular quasi-ordinary

Weierstrass polynomial and p is a Weierstrass polynomial that is a factor of f in K[[x]][y].

220z 2unp g0 Uo Jasn zipeD ap PepIsIdAuN Aq 81.90585/G01/2/220z/a10me/uiwl/wod  dno-olwapee;/:sdiy woly pepeojumod



1064 E. R. Garcia Barroso and J. Gwozdziewicz

Then, the Newton polyhedron of R(T) := Res ,(f®(y), p(y) — T) € KIIxII[T] is equal to

> {M}_ (12)
BET(f) t(B)
t) (B)#0

Proof. First, we will prove the theorem for d = 1. We use the notation of Theorem
6.7. Let H}‘;lk (v — B;) be the Newton-Puiseux factorization of f® (y). By the well-known

properties of the resultants we have

n—k
Res ,(F® (). py) - ) =+ [ [ @B — T). (13)

J=1

By Theorem 6.7, for every p; there exists a unique bar B € T(f) such that ; € B°.
For such a bar, h(B) is finite and ¢, (B) # 0. By Corollary 4.5, the polynomial p is
compatible with B and by (5) of Lemma 4.7 Pg(z) is a factor of Fz(z). By Theorem 6.7
(4), we get that Oy, By) = h(B) for any «; € B. Hence, chﬂj does not belong to the
set {lcgo; @ o; € B}. So by the equality (5) in Lemma 4.7, we have Fg(lcgp;) # 0 and
consequently PB(ch,Bj) # 0. Now, using equality (4) of Lemma 4.7 we conclude that the
Newton polyhedron of p(8;) —T is equal to % . Using the property that the Newton

polyhedron of a product is the Minkowski sum of the Newton polyhedra of its factors,
and (2) of Theorem 6.7 we finish the proof for d = 1.

Assume now that d > 1.

Let x;, = u™,..., X4 = u’? be a monomial substitution, where r; are positive
integers. By Lemma 7.1 f is Kuo-Lu k-regular; hence, by the first part of the proof
d=1)

AR = 3 {M}
BeT(f)

t, (B
t,(B)#0 k(B

For any elementary polyhedron of the above sum, Lemma 7.1 gives

{tk@)q@‘”,é) } _ { t(B)(r, 4P, B)) }:n ({ t,(B)a(®, B) })
t,(B) t, (B) ' t, (B)

Since the image of the Minkowski sum of Newton polyhedra is the Minkowski sum of
the images, we get A(R"™) = 7.(A), where A denotes the Newton polyhedron given in
(12). By Lemma 7.3, we get A(R) = A. [ |
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h f2

(B]

Fig. 4. The Eggers tree of f = f1f, from Example 3.1.
8 Eggers Tree of a Quasi-Ordinary Weierstrass Polynomial

In this section, we introduce the Eggers tree of a quasi-ordinary Weierstrass polynomial
f, after the conjugacy relation defined in Section 5. Denote by [B] the conjugacy class of
the pseudo-ball B of the Kuo-Lu T(f). By definition, the Eggers tree of f, denoted by
E(f), is the set of conjugacy classes with the natural order induced by the Kuo-Lu tree.
This is the natural generalization of the Eggers tree associated with plane curves in [4].
The notion of Eggers tree, for quasi-ordinary singularities, was introduced by Popescu-
Pampu in [18] and [19]. He defined a slightly different notion of the Eggers tree, since he
generalized to quasi-ordinary singularities the version of Eggers tree defined for curves
in [21].

The leaves of E(f) correspond with irreducible factors of f. Following Eggers,
we draw them in white color. By definition, the root of E(f) is its vertex of mini-
mum height. The branches of E(f) are the smallest sub-trees of E(f) containing the
root and one of its leaves. Let [B] be a vertex in the branch of E(f) corresponding
with the irreducible component f; of f. Eggers draws in a dashed way the edge
leaving from the vertex [B] in this branch if there are not two roots of f; with
contact h(B).

Recall that the number of pseudo-balls conjugate with a quasi-ordinary pseudo-
ball B is N(B) (see page 14).

Let [B] be a vertex of the Eggers tree of a quasi-ordinary polynomial f. By
Lemma 5.2, for any k € {1,...,degf}, the numbers n;(B) and ¢;(B) do not depend on the
representative of [B]. Moreover, if p(y) € Kl[[x]l[y] is a Weierstrass polynomial compatible
with B then the number g(p, B) and the degree of its B-characteristic polynomial are also
independent of the representative of [B].

The Eggers tree of the quasi-ordinary polynomial f = f,f, from Example 3.1 is

drawn in Figure 4.

Remark 8.1. Let p be an irreducible factor of f. Then, following Lemma 4.9, the

sequence {q(p, B)}p is increasing along the branch P of the Eggers tree of f containing
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the leave representing p. If [B] does not belong to P then, by Lemma 4.9, q(p, B) = q(p, By),
where [Bg] is the last common vertex of P and the branches of the Eggers tree containing
[Bl. Hence, the set {q(p,B)}jp is well ordered with respect to the coordinate-wise

order.
After Remark 8.1 we get

Corollary 8.2. Let f € Klxllly] be a Kuo-Lu k-regular quasi-ordinary Weierstrass
polynomial and p a Weierstrass polynomial that is an irreducible factor of f in K[[x]I[y].

Then, the Newton polyhedron in (12) is polygonal.

Remark 8.3. Remember that we denote by f the polynomial f ¢ KIlx]llyl after
monomial substitution. Example 7.2 shows that even though the Kuo-Lu tree of any
quasi-ordinary polynomial f yields the Kuo-Lu tree of f, this is not the case of the
Eggers trees of polynomials f and f.

9 Irreducible Factors of Higher Derivatives

Let f be a quasi-ordinary Weierstrass polynomial. In this section, we study irreducible
factors of normalized higher derivatives f*). We show that every such an irreducible
factor can be associated with a certain vertex [B] of the Eggers tree of f. By definition
an Eggers factor will be the product of all irreducible factors associated with the
same vertex of E(f). The Eggers factorization of a higher derivative is the product
of all its Eggers factors. It generalizes to higher derivatives the factorization of
the first polar given in [4] and [5] for plane curves and in [6] for quasi-ordinary
polynomials.

Let Fgz(z) be the B-characteristic polynomial of f. After Remark 6.5, the
polynomial F]gk)(z) is the product of two coprime polynomials Flgk] (z) and Flgkj (2,

where

k .
Fl@ = [] z-z)m®.
BJ—ziBi

Theorem 9.1. Let f(y) be a quasi-ordinary Weierstrass polynomial and let g(y) €
Kl[x]lly] be a Weierstrass polynomial that is an irreducible factor of f® (y). Then, there
exists [B] € E(f), with B € T\ (f), such that

(1) If B’ € Ty (f)\IBI then every root of Gy (2) is a root of ng (2).
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(2) If B’ € Ty (f)NIB] then Gy (z) and Fgﬂ (z) do not have common roots. Moreover,
Gp(z) = az or Gy(z) = a(2"® — ¢)! (14)
for some [ > 1 and a, c € K\{0}. If ] = 1 then g(y) is quasi-ordinary.

Proof. Let 8 be a root of g. Then, by Theorem 6.7, there exists B € Ti(f) such that

B € B°. Hence, Gg(2) has a root that is not a root of Flgk] (2), so
T ={B e T\(f) : Gg(2) has a root which is not a root of Flgk] (2)}

is a nonempty set. By Remark 6.8, B € 7 if and only if for any monomial substitution g
has a Newton-Puiseux root that belongs to B°.

Let £ = {[Bl € E(f) : B € T }. We will show that £ has only one element. Suppose
that this is not the case, and let [By] be the infimum of £ in the ordered set E(f) (the
infimum exists because E(f) has the structure of a tree).

Let [B'] be an element of £ different from [By] and « be a Newton-Puiseux root
of f belonging to B'. By definition of the Eggers tree, there exists B; € [Byl such that
B’ C By. Since B’ € Ty(f), the multiplicity of ¢ := lcp (@) as a root of Fp (z) is bigger
than or equal to k. Let p be the irreducible factor of f for which p(«) = 0. By the second
statement of Lemma 4.10, the polynomial Py (2) is up to multiplication by a constant a

power of z"B1) _ cn(B1)

if ¢ # 0 or a power of z if ¢ = 0. Hence, by the first statement of
Lemma 4.10 and Remark 6.5 the polynomials Pp (2) and FjgfJ (z) are coprime.

Let g = [[, (v — B;) be the Newton-Puiseux factorization of g after some
monomial substitution. Fix B € [By]. By Lemmas 5.2 and 7.1 we get q(p, B) = q(p, By).

Let us define two sets of indexes associated with B:
Iz ={i: B; € B,Py(lcgp;) # 0},
Jg = {i: B; € B,Py(lczf;) = 0}.

Directly from the definition of Py we have the following: if i € Iz then ord p(8;) =
q(p,By), and if i € J then ord p(B;) > q(P, By).

The cardinality of Iz is equal to the number of roots of Ggz(z) counted with
multiplicities that are not the roots of Py(2). Similarly, the cardinality of J; is equal
to the number of roots of Gy(z) counted with multiplicities that are the roots of Py(z).

Hence, the cardinality of these sets does not depend on the choice of the monomial
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substitution. Let I := Upep, Iz and J := Upp, J5- Observe that ord p(8;) = q(p, B,) for
i € Iand ordp(B;) > q(p, By) fori e J.

The sets I and J depend on the choice of the monomial substitution but their
cardinality does not. We will show that the set J is nonempty. Since B’ € T, there exists
B; € B'. Any root of p that belongs to B’ has the same leading coefficient with respect to
B, as B;. Hence, Py (Icz B;) = 0, which gives i € J C J.

Now, we will prove that the set I is empty. Suppose that it is not the case. Put
R(T):=Res,(g,p—T) and R(T) := Resy(g,p — T). We can write

R(T) = +T"+4c¢,T" '+ +c,,

R(T) = £T"+¢T" '+ +¢,

for some ¢; € Kllx]l. By a well-known formula for the resultant, we have R(T) =
+[12,(®(B;) — T). Since the Newton polygon of a product is the Minkowski sum of the
Newton polygons of its factors, A(R(T)) has an edge of inclination q(f),EO) starting in
the point (0, m). The projection of this edge to the vertical axis has length #I. This gives

ord¢; > iq(p,By) forl<i<tl,
ord¢; = 1iq(p,B,) fori=tlI,
ord¢; > iq(p,By) forfl <i<m.

Since the monomial substitution was arbitrary, we have

cKIx"N < xPPIK(xVN]  forl <i <l
cKix'™M = xPPOR[x'N  fori=1yI,
cKllx'/™M] ¢ x4PPOR[x'/™M)]  forsl <i<m.

By Corollary 2.6 g is not irreducible and we get a contradiction.

We conclude that I = . This means that for every B; there exists B € [B,] such
that 8; € B and ord p(B;) > q(p, B). By Remark 6.8, ; belongs to a post-bar of B, which
has a nonempty intersection with Zerp. All post-bars of B € [Bj] that have nonempty
intersection with Zer p conjugate. They form the vertex of E(f), bigger than [B]l, which
is smaller or equal (with the natural order in E(f)) than any element of £. Hence, [B,]

cannot be the infimum of £ and we arrive again at a contradiction.
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We have shown that £ has only one element. Denote it by [By]l. Hence, for any
monomial substitution we have Zerg C Upc(z,; B°. By Remark 6.8 we get (1) and the first
part of (2).

Now, we will find the form of Ggy(z), for any B € [Byl. If for every ,B_i € B the
leading coefficient lczB; is 0, then obviously Gyz(z) = az'. Otherwise, by Lemma 4.10
there exist ¢ # 0 and a polynomial G,(z) coprime with z"*® — ¢"® such that Gz(z) =
G,(2)(z"® — c"®)l Let p(y) be the minimal Weierstrass polynomial of Az(x) + cx™®.
Then, Py(z) = const - (2B — c"®),

Proceeding as in the first part of the proof we define again the sets I, J of
indexes. By the choice of p(y) the set J is nonempty. If the polynomial G, (z) has positive
degree, then the set I is nonempty and we arrive at a contradiction. Hence, G,(2) is a
constant that proves the second part of the theorem.

Now, we prove that if I = 1 in (14) then g(y) is quasi-ordinary. Let p(y) € Kl[x]l[y]
be the minimal polynomial of Az(x) if Ggz(2) = az or the minimal polynomial of Az(x) +
cx"®) if Gy(z) = a(z"® — c"®)), Then, Gg(2) is equal to Py(z) up to multiplication by a
constant. By Lemma 5.2 for any B’ € [B,] = [B] the characteristic polynomials G (z) and
Py (2) have the same form, in particular have the same number of roots and all their roots
are simple. Take any monomial substitution and let 8/, 8” be different roots of g(y). Since
Zerg C Upeip, B° there exist B',B” € [Byl such that ' € B' and " € B". If B = B” then
O(B’,B") = h(B") because B’ and 8" have different leading coefficients with respect to B'.
If B’ # B” then O(B’, B”) = O(Az, A3,). In both cases, the contact O(8’, ) depends only on
B’ and B”. The same argument applies to the roots of p(y). As a consequence any bijection
® : Zerg — Zerp such that ®(B' N Zerg) = B' N Zerp for B’ € [B,] preserves contacts.

Since the discriminant of a monic polynomial is the product of differences of
its roots, the discriminant of g and the discriminant of p have the same order. Then, by
Corollary 7.4, the Newton polyhedra of the discriminants of g(y) and p(y) are equal and

we conclude that g(y) is quasi-ordinary. |
For k-regular quasi-ordinary Weierstrass polynomials we can say more.

Corollary 9.2. Let f(y) be a Kuo-Lu k-regular quasi-ordinary Weierstrass polynomial
and let g(y) € Kl[xllly] be a Weierstrass polynomial that is an irreducible factor of f® (y).
Then, there exists [B] € E(f) with B € T} (f) such that

(1) if B' € T(f) N[B], then Gy (2) and Fg(z) do not have common roots;
(2) if B’ € T (f)\IB], then every root of Gy (2) is a root of Fgﬂ (2); and
(3) if B’ € T(f) \ T (f), then Gy (2) is a nonzero constant polynomial.
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Proof. Take B' € Ty (f). Then, by Lemma 4.6 and the definition of k-regularity Gg (2)
and Flgﬂ (z) do not have common roots. Hence, for B’ € T} (f) it is enough to use Theorem
9.1. This proves (1). The second statement is the first item of Theorem 9.1.

Now, let B € T(f) \ Ty (f). Consider the chain of bars By L, B; L --- L B; = B of
T(f) such that By € T (f) and B; ¢ T, (f) for 1 <i < s. Then, the multiplicity of c as a root
of Fg,(2) is less than k. Hence, by the k-regularity of Fg,(2), c is not a root of Fgg) (z) and

consequently Gg (¢) # 0. Since g is compatible with B, after (4) of Lemma 4.7, we have
90y @ + cx"®) = g(p, @) + cx"® 1) = G, (@©xITF -,

which shows that g is also compatible with B’ and its B’-characteristic polynomial Gy (2)

equals Gp (C). |

10 Eggers Factorizations of Higher Derivatives

Let f be a quasi-ordinary Weierstrass polynomial. In this section, we propose a
factorization of the normalized derivative f® into factors associated with points of
Eggers tree E(f).

Definition 10.1 Let g, p € Kl[x]lly] be Weierstrass polynomials. The P-contact between
g and p is

contp(g, p) = » A(Res (g, p)).

deggdeg
The notion of P-contact has its counterpart in the theory of plane analytic
curves: for y-regular plane branches, it is related with the logarithmic distance studied
by Ploski in [17], since in such case A(Res,(g,p)) equals the Newton polygon of a
monomial x™, where m is the intersection multiplicity of the branches g =0 and p = 0.

If g is compatible with a pseudo-ball B then we put
contp(g, B) := ;A(gq(g'B)).
i degg

Proposition 10.2. Let B be a quasi-ordinary pseudo-ball of finite height, and let f
be an irreducible quasi-ordinary Weierstrass polynomial compatible with B such that
Zerf N B # ¢ or equivalently such that Fz(z) has positive degree. Then, conty(f, B) does
not depend on f.
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Proof. Take any f;, f, satisfying the assumptions of the proposition, and let «; €
Zerf) N B, ay, € Zerf, N B. Choose a constant ¢ € K such that (F))z(c) # 0, fori = 1,2
and let y = Ay + cx™®. Then, O(y,a;) = O(y,a,) = h(B) and for any & € Zerf; U Zer f, we
have O(¢,y) < h(B).

Let G be a finite subgroup of L-automorphisms of M that acts transitively on the

sets Zer f; and Zer f,. By the orbit stabilizer theorem, for i € {1,2} we get

1
1G]

1 1
> 0, o@)=—- > O, =-—7qf;B).
oeG degﬂ aeZerf; degfi

By STI, we have O(y, o (a;)) = O(y,0(ay)) for all ¢ € G. Thus, #gflq(fl,B) = ﬁgfzq(fz,B).
[ |

After Proposition 10.2 we define the self-contact of a pseudo-ball B of finite
height as

self-contact(B) := contp(f, B),

for any f satisfying the assumptions of this proposition.
By Lemma 5.2, conjugate pseudo-balls have the same self-contact; hence, the
self-contact of [B] is well defined for any vertex [B] of E(f), where B is of finite height.
In the set of Newton polyhedra, we define the next partial order: A; > A, if and
only if A; € A,. Observe that A(x91) > A(x%2) if and only if q; > q,. Now, we show how

the self-contacts of [B] € E(f) determine the P-contacts between irreducible factors of f.

Proposition 10.3. Let f be a quasi-ordinary Weierstrass polynomial. Then, the self-
contacts of vertices of finite height increase along the branches of E(f). Moreover, for

any different irreducible factors f;, f; of f
contp(f;, f,) = max{self-contact([B])}, (15)
where the maximum is taken over all [B] € E(f) such that Zerf,NB # @ fori=1,2.

Proof. Let B, B’ be pseudo-balls of T(f) of finite height such that B* C B. Choose an
irreducible factor f; of f such that Zerf; N B’ # {. By Lemma 4.9, we get q(f;, B) < q(f;, B');
hence self-contact(B) < self-contact(B’).

Let [B] € E(f) be the maximum (with the order defined in E(f)) of the set of all
vertices [B'] € E(f) such that Zerf; N B’ # @ for i = 1, 2. The pseudo-ball B has the form
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y + (y — OKIIx/N]], for some y € Zerf, and § € Zerf, with maximal possible contact.
By the choice of y and §, we have O(y,8’) < h(B) for all ' € Zerf, N B, consequently
(Fp)p(Icgy) # 0. Then, fo(y) = (Fp)p(Icgy)x102B) 4 ...

Applying the Galois action associated with the irreducible polynomial f, we get
A(fy(y)) = A(fy(y), for any y,y’ € Zerf;. Hence, by the definition of the self-contact

and the identity A(Resy(fl,fz)) = ZyeZerfl A(f5(y)) we have

self-contact(B) = contp(f,,B) = A(x30F2B)y

degf,

1
= mdeé’ﬁ A(fy(v))

1
= WA(Resy(fl,fz)) = contp(f, fo).

Theorem 10.4. Let f € Kl[x]lly] be a quasi-ordinary Weierstrass polynomial. Then,

f(k)z H Dig)r

[BIEE(f)

where pp are Weierstrass polynomials such that

(1) the B-characteristic polynomial of p equals FlgkJ up to multiplication by
constants and deg p(z = N(B)t;(B);
(2) for every irreducible factor g of pp and every irreducible factor f; of f, we

get

(a) contp(g, B) = self-contact(B),
(b) if contp(f;, B) < self-contact(B) then conty(f;, g) = contp(f;, B), and
(c) if contp(f;, B) = self-contact(B) then conty(f;, g) > contp(f;, B);
(3) if f is k-regular, then the inequalities > in (c) become equalities; and
(4) for every irreducible factor g of p there is an irreducible factor f; of f such
that contp(f;, g) = contp(f;, B) = self-contact(B).

Proof. We define pp as the product of all irreducible factors of f® having the same
[B] in Theorem 9.1 (by convention the product of an empty family is 1). Then, after some
monomial substitution, all the roots of pz belong to Ug (5 B°. Since for every B’ € [B],
Dig has t;(B) roots belonging to B’ and [B] has N(B) elements, we get deg pjz; = N(B)t;(B).
Consequently deg p(z = N(B)t(B).
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fig fip o fop

LI UL o e

‘ [B,]

Fig. 5. The Kuo-Lu and the Eggers tree of f from Example 10.5.

Now, we will prove the second statement. Since pp has positive degree, we may
assume that B € Ty (f). Let f; be an irreducible factor of f. If contp(f;, B) < self-contact(B)
then by Proposition 10.2 (F;)5(z) is a nonzero constant polynomial. Hence, for any y €
Zer pip; we have ordfi()?) = q(fi,ﬁ), which proves (2)(b). Suppose now that conty(f;, B) =

self-contact(B). For every root y € Zerp we have ordfi()?) > q(]_”i,E) with equality
in the k-regular case. Hence, if g is an irreducible factor of p then ord Resy(fi,g) >
(degg) - q(f;, B) with equality in the k-regular case. This gives (2)(c) and (3).

If the polynomial Fz(2) is as in (8) then, by Corollary 6.4, it is k-regular. In this
case, for any irreducible factor f; of f, with (F;)z(2) of positive degree, the polynomials
(F))g(2z) and Gg(z) do not have common factors.

If Fy(2) is not as in (8), then by Lemma 4.10, there is an irreducible factor f; of f
such that the polynomials (F;)5(z) and Gy(z) do not have common factors and (F;)5(2) has
positive degree. After any monomial substitution, we have ord ]_”i()?) = q()_‘"i,fi), for every
y € Zerg. This gives ord Res (fi,g) =degg- q(fi,]_i’). Since the monomial substitution was
arbitrary, the fourth statement of the theorem holds true in all cases.

It rests to prove (2)(a). Choose f; as in the proof of the fourth statement. Then,
A(g(@)) = Ax19D) for any « € BN Zerf;.

Applying the same argument as in the end of the proof of Proposition 10.3, we
get A(Res ,(f;,9)) = degf;A(g(e)) = degf; - A(x99B)). After the fourth statement and
the definition of the P-contact: self-contact(B) = contyp(f;, g) = WA(Resy(fi,g)) =
@A@_ﬂ@rm) = contp(g, B). [ |

Example 10.5. We consider the example in [6, Section 10I: let f = f 1f] »f5 1f> 5, Where
fij = v* — ix{x3)* — jx}x3y are irreducible quasi-ordinary polynomials for i,j € {1,2}.

The Kuo-Lu and the Eggers tree of f are drawn in Figure 5.
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The heights of the vertices of the Eggers tree are as follows: h[B;] = (% 1),
h(B,)) = h(By) = (%,2); the self-contacts are self-contact(lB;]) = 3zA(x©®%); and
self-contact([B,]) = self-contact([B;]) = ;A (x1319),

For any 1 < k < 16, the degrees of polynomials p(z are

degpiz,] deg pig,] deg pip,]

F 3 6 6
7@ 6 4 4
F® 9 2 2
Fo 16-k 0 0

The characteristic polynomials are Fp (2) = (22 — 1)*(2? — 2)*, Fp,(2) = (42* —
1)(4z* — 2), and F, (Z) = (82* — V'2)(8z% — 24/2). We can verify that these polynomials are
k-regular for any k.

Theorem 10.4 allows us to compute the P-contact between the irreducible
factors of f and the irreducible factors of its higher order polars. For any k and
any irreducible factor g of pyz ), we have contp(f;;,9) = self-contact([B,]). For any k
and any irreducible factor g of pj,, we have contp(f] ;,9) = self-contact([B,]) and
contP(fzJ,g) = self-contact([B,]), for any j = 1,2. We have the symmetric situation for

the irreducible factors of piz,;.

Example 10.6. The second polar of the quasi-ordinary polynomial f from the Example
3.1 (see Figure 4 for its Eggers tree) has only one Eggers factor pjp = y, with
contp(fy, y) = AxO®?) = contp(f}, y) = Ax®/2V) = self-contact(B); hence, in item (2)(c)
of Theorem 10.4 we have equality for f; and strict inequality for f,.

Now, we study the examples of [2].

Example 10.7. ([2, Example 5.1]) Let f = y° + x?y. The Eggers tree of f has only one
vertex [B] of finite height, where B = xK[[x!/N]]. The B-characteristic polynomial Fy(z) =
z3 + z is not 2-regular. We get f® = pp =y. If fy =y — x, f, = y + x and f; = y then
# = contp(fy,y) > contp(f;,y) = contp(f;, B) = A(x) = self-contact(B) for i = 1,2. This

illustrates the fourth statement of Theorem 10.4.
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Fig. 6. The Eggers tree of f; from Example 10.8.

Example 10.8. ([2, Example 5.2]) Let f, = y* + ax?y? + x%y + x10. We get f, = fy1 a2
where f,,; is irreducible and the contact of any two different roots of it is Z, and f,, = 0
is a smooth curve tangent to y = 0. The Eggers tree of f, is drawn in Figure 6.

The characteristic polynomial Fg(z) equals z* + z. Hence, f, is not 2-regular. For
any irreducible factor g of £\’ we get contp(f,;,g9) = A(x?/3) = self-contact(B). For f,,

the P-contact depends on a:

Ax) fora#0

cont ,9) =
pUaz 9 [ Ax8) fora=0.

10.1 Irreducible case

Assume that f(y) € Kllxllly] is an irreducible quasi-ordinary Weierstrass polynomial of
degree n > 1 and Zerf = {o;}}' ,. By [14], the set {O(j, o)) i #j}:=1{h;,..., h}is well
ordered, so we may assume that h; <h, < ... <h,. These values are the finite heights
of the bars of T(f). The sequence h,,... h; is called the sequence of characteristic
exponents of f(y). Let B; be any bar in T(f) of height h;. By [10, Remark 2.7] the degree
n(B;) of the field extension L, (x) — L(ABi()_(),)_(hi) does not depend on the choice of
B; and will be denoted by n;. Put e; := n;,, ---ny for 0 < i < s (by convention the empty
product is one). Observe that T(f) has a special structure: all bars of the same height
are conjugate and there are n; ---n,_; conjugate bars of height h; (see [7, Theorem 6.2]).

By (12) we get

q(f,B) }, 16)

A((Resy(f(k),f -T) = ZTH "'niltk(Bi){ 1

i=1
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where B; is any ball of T'(f) of height h; and

(n;— Dk forl<k<eg,

t,(B)=1e_,—k fore <k<e_,
0 fore; ; <k <n.
Let i € {1,...,s} be such that e; <k <e; ;. Then, #;(B,) is positive if and only

ifl <i<i.

Newton polyhedron of (16) is polygonal (see Corollary 8.2) and has i, edges of
different inclinations. After Theorem 2.4, we decompose Resy(f(k),f -7 = Hikzl R;,
where degrR; = (n,---n;_;)t;(B;) and any R; has an elementary Newton polyhedron
of inclination q(f, B;).

Such a decomposition of the resultant can be also obtained from Eggers

factorization of ¥/, By Lemma 4.10 the B;-characteristic polynomial of f has the form
Fp.(2) = constant(z"™ — cBi)ei, (17)
for some ¢, € K\ {0}. The properties of such polynomials were described in Lemma 6.3.

Corollary 10.9. Every irreducible quasi-ordinary Weierstrass polynomial is Kuo-Lu

k-regular for any positive integer k.
Theorem 10.10. Let f(y) € Kllxllly] be an irreducible quasi-ordinary Weierstrass

polynomial of degree n > 1 and characteristic exponents h;,..., h,. Let iy € {1,...,s}

be such that e, < k < e _1- Then,

ik
fPw=1]ps (18)
i=1

where

(1) p;is a Weierstrass polynomial in Kl[x]l[y] of degree n, -- - n;_;t;(B;);

(2) any irreducible factor g of p; verifies
contp(g, f) = self-contact(B;);

(3) the B;-characteristic polynomial of p; is (P;)p, = ConstF]g:J.
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Proof. The theorem follows from Corollary 10.9 and the first, second, and third parts
of Theorem 10.4. [ |

Proposition 10.11. Let f(y) € Klxlllyl be an irreducible quasi-ordinary Weierstrass
polynomial with characteristic exponents h;, ..., h,. Let a, d be integers such that 0 <
a <n;, a+k=0 (modn,;), and d = min{e;, k} — rnﬁi]. Then, every p; of (18) admits a

factorization of the form p; = p;op;; - - - P;q, Where

(1) the corresponding B;-characteristic polynomials are P;y(z) = const - z%,
P;i(z) = const - (2 — cj) with Cj # forl <j<l<dand ¢ #0;

(2) p;ois a Weierstrass polynomial of degree a-n, ---n;_; not necessarily quasi-
ordinary; and

(3) every p; for 1 < j < d is a quasi-ordinary irreducible Weierstrass
polynomial of degree n, - - n; and characteristic exponents h;,... h,.

Proof. After (17) Fg,(2) has the form a(z™ — c)¢ for some nonzero a and c.

By the first part of Theorem 10.4 and Lemma 6.3 the polynomial P; 5 (z) = const-
z% ]_[}i:1 (2" — ¢;). This polynomial is the product of the B;-characteristic polynomials of
the irreducible factors of p;. From the second part of Theorem 9.1, we know that p; has d
irreducible factors {pij}]‘.i:1 such that P,j(z) = const - (2™ — c). If p; has other irreducible
factors, then p;, is their product. It also follows from Theorem 9.1 that p;; are quasi-
ordinary for1 <j <d.

By a similar argument as in the first part of the proof of Theorem 10.4 we get
degpij = N(B;) deg P; jp (2). Since N(B;) = n; - --n;_;, we obtain the statements about the
degrees of p;;.

Fix pjj for j € {1,...,d}. The pseudo-ball B; has n;---n,_; conjugate pseudo-
balls. Each of these pseudo-balls contains n; roots of p;;. Since the roots of P; ;(z) are
simple, any two roots of p;; belonging to the same pseudo-ball have different leading
coefficients with respect to B;, so their contact equals h;. Now, if we consider two roots
of p;; belonging to different conjugate pseudo-balls, then their contact depends only on
these two pseudo-balls; hence, it is equal to h; for some [ € {1,...,i — 1}. We conclude
|

that the characteristic exponents of p;; are hy,..., h;.

In Proposition 10.11, the integer a can be 0, in such a case p;; = 1. If a = 1 then
Do is quasi-ordinary with characteristic exponents h;,..., h; ;. Moreover, d can be zero

and in such a case p; = p;g.
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11 Eggers Decomposition for Power Series

In this section, we deal with power series in variables x and y. A power series will be
called quasi-ordinary if it is a product of a unity and a quasi-ordinary Weierstrass
polynomial. We outline how to generalize the results of previous sections to quasi-

ordinary power series. For that, we need the next generalization of Lemma 4.6.

Lemma 11.1. Let f = uf* and %f = wg*, where u, w € Kllx,yll are unities, f*,
g* € Kllxlllyl are Weierstrass polynomials and 1 < k < n = degf*. Assume that

f* is compatible with a pseudo-ball B. Then, g* is compatible with B and Gj(2) =

—k)! d*

Proof. Substituting x = 0 we get f(O, y) = u(0,0)y™ + ---. Hence, %(0,)/) =
267u(0,0)y" ¥ + ... On the other hand, o %70, y) = w(0,7)g*(0, y), which implies that

n!

By the assumption of compatibility of f* we have
@& hp@) +2x"P) = Fp)x1P .
Hence, f,(x,2z) := x 9 B f(x, 5(x) + zx"P) is a fractional power series such that
f1(0,2) = u(0,0)F5(2). (20)
By the chain rule of differentiation

ok k
0 .

fﬂz) i@@@+qWWfWWWW (21)
dy

Differentiating (20) yields 9 fl 2(0,2) = u(0, O)d kF*(z) Thus,

k dk
fl (X z) = u(0, O) FB(z) + terms of positive degree in x. (22)

Comparing (21) and (22) we get

okf h(B) d* q(f* B)—kh(B)
W("—(')‘B(}—()_{_ZJ—( )=u(0,0)@FB(Z)‘§ ' +
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By the definition of g*, the left-hand side of the above equality can be written as
w(0,0) g*(x, Ap(x) +2x"®) + -,

which gives, after (19)

n: dk *
mu(0,0)g*()_f, rp(x) +zx"B)) = u(OIO)@FE(z) x4 B-KkR®B)

and finishes the proof. u

Theorem 6.7, Corollary 6.9, Theorem 7.5, Theorem 9.1, Corollary 9.2, Theorem
10.4, Theorem 10.10, and Proposition 10.11, where f(k) stands for the Weierstrass
polynomial of kth derivative, remain true for quasi-ordinary power series. For the
proofs, it is enough to replace the power series by their Weierstrass polynomials and

use Lemma 11.1 instead of Lemma 4.6 when required.
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