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Abstract. Let (¢, f): (C?0) — (C?,0) be the germ of a holomorphic
mapping such that £ = 0 is a smooth curve and f = 0 has an isolated singularity
at 0 € C2. We assume that £ =0 is not a branch of f =0. The direct image
of the critical locus of this mapping is called the discriminant curve. The role
of Puiseux exponents of the branches of the discriminant is mysterious, and it is
therefore of interest to determine when there is non-degeneracy. In this paper we
describe the weighted initial forms of the discriminant curve with respect to its
Newton diagram.Then we study the pairs (¢, f) for which the discriminant curve
is non-degenerate in the Kouchnirenko sense.

1. Introduction

Let (¢, f) : (C?,0) — (C2,0) be a holomorphic mapping given by u =
(z,y), v= f(z,y), where £ = 0 is a smooth curve and f = 0 has an isolated
singularity at 0 € C2. We assume that £ = 0 is not a branch of f =0. To
any such morphism we can associate two analytic curves: the polar curve
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%g—f = %% = 0 and its direct image D(u,v) = 0 which is called the discrim-
y Oy Oz

inant curve of the morphism (¢, f) (see [20], [1]). A series D(u,v), defined
up to multiplication by an invertible power series, is called the discriminant.
In [20] and [22] Teissier introduced the Jacobian Newton diagram, which is
the Newton diagram of D(u,v). The Jacobian Newton diagram depends
only on the topological type of (¢, f) (see [20] for the case where ¢ is generic,
Merle [18] and Ephraim [3] for one branch and [6], [17] and [19] for gen-
eral case). Decompositions of the polar curve can be found in the literature
(see [18], [3], [2], [4]). In the spirit of Eggers [2] we propose a factorization
of the discriminant D(u,v). The Newton diagram of every factor has only
one compact edge. We specify formulas for the weighted initial forms of
these factors. Using this description we study the pairs (¢, f) for which the
discriminant is non-degenerate, in the Kouchnirenko sense [12], answering
a question of Patrick Popescu-Pampu.

For the irreducible case we prove in Section 4:

THEOREM 1.1. Let f =0 be a branch. Then the discriminant of (¢, f)
is non-degenerate if and only if there are no lattice points inside the compact
edges of its Newton diagram.

COROLLARY 1.2. Let f =0 be a branch. Then the non-degeneracy of
the discriminant of (¢, f) depends only on the topological type of (£, f).

In the multi-branched case the topological type of (¢, f) does not deter-
mine whether the discriminant is non-degenerate. The non-degeneracy de-
pends also on the analytical type of (¢, f) as shown in Examples 2.8 and 2.9.
We shed light on that case in Proposition 5.6 and Theorem 5.7.

The structure of the paper is as follows: in Section 2 we start by recalling
the notion of non-degeneracy. Then, after a change of coordinates, we may
assume that the morphism that we consider has the form (z, f). We describe
the discriminant by using Newton—Puiseux roots of the y-partial derivative
of f(x,y). For that the Lemma of Kuo-Lu plays an important role. Using
the results of this section we construct examples of curves with many smooth
branches, which determine non-degenerate discriminants.

In Section 3 we propose an analytical factorization of D(u,v). In Propo-
sition 3.8 we compute the initial Newton polynomial of every factor and
express it as a product of rational powers of quasi-homogeneous polynomi-
als. Then in Section 4 we apply this formula to irreducible power series
f(x,y) and we characterize in Corollary 4.4 the equisingularity classes of
branches for which the discriminant of (x, f) is non-degenerate.

In Section 5 we return to the general case. Taking up again Proposition
3.8 we give, in Proposition 5.6, a polynomial factorization of the initial New-
ton polynomials of the factors of D(u,v). As a consequence, in Theorem 5.7,
we obtain a criterion for non-degeneracy of the factors of the discriminant.
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We finish this section with another example of curves with as many singular
branches as we wish, which determine non-degenerate discriminants.

In the last section we analyze what impact on the discriminant has
a modification of ¢ or f in the morphism (¢, f). Theorem 6.2 shows that
non-degeneracy of the discriminant of the morphism (¢, f) is independent of
the choice of the representative of the curve f = 0. Theorem 6.6 shows that
if f =0 is unitangent and transverse to ¢ = 0, then the non-degeneracy of
the discriminant of the morphism (¢, f) depends only on the curve f = 0.
The assumption that f = 0 has only one tangent cannot be omitted as it is
shown in Example 6.7.

2. Preliminaries

We start this section recalling the notion of non-degeneracy. Then we
reduce our study to the morphisms of the form (z, f). We describe the dis-
criminant by using Newton-Puiseux roots of % (z,y). The Lemma of Kuo-Lu
plays an important role.

2.1. Non-degeneracy after Kouchnirenko. Set R, ={z € R:
z 20} Let f(z,y) =3 aiz'y’ € C{z,y}\{0}. The Newton diagram
of fis

Ay := Convex Hull({ (i,§) : aij #0} +Ri).

The Newton diagram of a product is the Minkowski sum of the Newton
diagrams of the factors. That is Ayy = Ay + Ay, where

Af—f—Ag:{a—i-b: aGAf, bEAg}.

In particular if f and g differ by an invertible factor v € C{z,y}, u(0,0) # 0
then Ay = Ay.

The initial Newton polynomial of f(x,y) = Zi,j aijz'y’, denoted by
innr f, is the sum of all terms aija;iyj such that (i,j) belongs to a com-
pact edge of Ay.

Following Teissier [21] we introduce elementary Newton diagrams. For
m,n >0 we put {%} = Agngym. We put also {%} = Ay and {%} =
Aym. By definition the inclination of {%} is L/M with the conventions
that L/oo =0 and oo/M = +o00. Any Newton diagram can be written as
a Minkowski sum of elementary Newton diagrams, where inclinations of suc-
cessive elementary diagrams form an increasing sequence.

Let S be a compact edge of Ay of inclination p/q, where p and ¢ are
coprime integers. The initial part of f(x,y) with respect to S is the quasi-
homogeneous polynomial fs(z,y) =Y a;jz'y’ where the sum runs over all
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lattice points (i,7) € S. Observe that if Ay is an elementary Newton dia-

gram then the initial part of f(z,y) with respect to the only compact edge

of Ay coincides with the initial Newton polynomial of f(z,y).
Decomposing fs(z,y) into irreducible factors in Clx, y] we get

(1) fs(=, —CSUylHy — a;zP)*,

where k and [ are non-negative integers, ¢ and a; are nonzero complex num-
bers and a; # a; for i # j.

The series f(x,y) is non-degenerate on the compact edge S of Ay if in (1)
si=1for all i € {1,...,r}. In particular f is non-degenerate on the com-
pact edge S if there are no lattice points inside S. The converse is not
true as (y — x)(y — 2x) shows. The series f(z,y) is non-degenerate if it is
non-degenerate on every compact edge of its Newton diagram (see [12]).

2.2. Newton—Puiseux roots. Let C{z}" be the ring of Puiseux se-
ries in x, that is the set of series of the form

o) = arax™/P 4 aga™ /P 4 ... ;e C,
where N7 < Ny < ... are non-negative integers, D is a positive integer and
a1t™ 4+ ast™ 4+ ... has a positive radius of convergence. In this paper

+ -+ means plus higher order terms. If a; # 0 then the order of a(z) is
orda(z) = N1/D and the initial part of a(z) equals ina(z) = a12™N/P. By
convention the order of the zero series is +o0o. For any Puiseux series a(z),
v(x) we denote by O(w,7) =ord (a(z) — y(z)) and call this number the
contact order between a(z) and v(z). If Z C C{z}" is a finite set then the
contact between a € C{z}" and Z is cont(a, Z) = max,ecz O(a, 7).

By a fractional power series we mean a Puiseux series of positive order.

Let g(z,y) € C{z,y} be a convergent power series. A fractional power
series y(z) is called a Newton—Puiseuz root of g(z,y) if g(z,v(z)) =0
in C{z}". We denote by Zer g the set of all Newton—Puiseux roots of g(z,y).

If g=g7"--- g% where the g; are irreducible and pairwise coprime ele-
ments of C{x,y}, then the curves g; = 0 are called the branches of g = 0. We
say that g = 0 is reduced if a1 = --- = a, = 1. Notice that g has an isolated
singularity at 0 € C? if and only if it is singular and reduced.

2.3. The lemma of Kuo-Lu. Consider the morphism (¢, f) as in In-
troduction, where f is a reduced curve. An analytic change of coordinates
does not affect the discriminant curve (see for example [1], Section 3). Hence

in what follows we assume that ¢(z,y) = x. Then 8f = 0 is the polar curve

of (z, f).
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The Newton—Puiseux factorizations of f(z,y) and %(w,y) are of the
form

(2) fa,y) = uley ][ [y - ai@)],
Q Lo =i T 1= s

where u(m y), @(z,y) are units in C{z,y} and «;(z), v;(x) are fractional
power series. Since f is reduced, a;(x) # o(x) for i # j.

The following lemma, Which is a part of Lemma 3.3 in [13] (for the
transverse case; see [7], Corollary 3.5 and [10], Proposition 2.2 for the gen-
eral case) describes the contacts between Newton—Puiseux roots of f(z,y)

and 2 o Lz, y).

LEMMA 2.1. For every v; € Zer there exist ag, oy € Zer f, k # 1 such
that

O(ak,vj) = O(au, ;) = O, oq) = I?E%fCO(O@,%)‘

In what follows we recall the tree model introduced in [13] which encodes
the contact orders between Newton—Puiseux roots of f(x,y).

DEFINITION 2.2. Let @ € C{z}" and let h be a positive rational number.
The pseudo-ball B(a,h) is the set B(a,h) = {v € C{z}": O(vy,a) Z h}.
We call h(B) := h the height of B := B(a, h).

Note that h(B) is well-defined since h(B) = inf { O(v,8) : 7,8 € B}.

Consider the following set of pseudo-balls

T(f) := {B(a,O(a,o/)) ca, o €Zer f, a# o/}.

The elements of T'(f) can be identified with bars of the tree model of f
defined in [13] (for a short presentation see also Section 8 of [11]). It follows

from Lemma 2.1 that for every v € Zer % there exists exactly one B € T'(f)

such that v € B and h(B) = cont(v, Zer f). Following [14] we say that ~y
leaves T(f) at B.
Take a pseudo-ball B € T(f). Every v € B has the form

(4) y(x) = Ap(@) + ey

where Apg(z) is obtained from an arbitrary a(z) € B by omitting all the
terms of order bigger than or equal to h(B).
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We call the complex number ¢, the leading coefficient of v with respect
to B and we denote it by lcg(y). Remark that ¢, can be zero.

We need next two Lemmas from [7] (see also [15] and [16], Corollary 3.7
and Proposition 3.6).

LEMMA 2.3 ([7], Lemma 3.3). Let B € T(f). There exist a polynomial
Fp(z) € Clz|, depending on f, and a rational number q(B) such that for
every v(z) = Ag(z) + cyaB) 4 ...

(5) fz,7(x)) = Fp(e)z®) + ...

Moreover

(6) CH z—chozZ),
i:; EB

where C is a nonzero constant.

REMARK 2.4. It follows from the proof of Lemma 3.3 in [7] that if f
is a Weierstrass polynomial and «;(z) € B, then the constant C' in (6) is
expressed by the formula

Cz1P) = H in(aJ — a;(x H 2B,

o, ¢€B o, EB

LEMMA 2.5 ([7], Lemma 3.4). Let B € T(f). Then

Crs) =0 I (z—testry),

J:v;E€B
where C' is a nonzero constant.

Using the above lemmas we characterize the Newton—Puiseux roots of
gf (z,y) leaving T'(f) at a fixed B.
Yy

LEMMA 2.6. Let B € T(f) and v € B. Then ~ leaves T(f) at B if and
only if FB( ch(’y)) £ 0.

Proor. For v € B the inequality FB(ICB("}/)) # 0 is equivalent to
lep(y) # lep(ay) for all o; € B, and this is equivalent to cont(vy, Zer f)
=h(B). O

Given B, B’ € T(f), we say that B’ is a direct successor of B in T'(f)
if B D B’ and there is no B” € T(f) (different from B and B’) such that

B D B” > B’. The next lemma follows from Theorem C in [13]. For conve-
nience of the reader we present a proof:
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LEMMA 2.7. Let B,B' € T(f). Suppose that B’ is a direct successor
of B inT(f). Then q(B') —q(B) = #(B'NZer f)[h(B') — h(B)], where the
symbol § stands for the number of the elements of a set. If B € T(f) is the
pseudo-ball of the minimal height then q(B) = t(Zer f)h(B).

PROOF. Let §(z) = Ap(x) + cz™B) where Fp(c) # 0 and &' (z) = A\p/(z)
+ 2"B) where Fp/(¢) # 0. Then following (2) and Lemma 2.3

(7) q(B) = ord f(z,6(z)) = Y _ O(,q)
a€Zer f

and

(8) ¢(B') =ord f(z,0'(z)) = Y O(F,a).
a€Zer f

We have O(§,a) = h(B), O(§',a) = h(B') for a € Zer f N B’. Using the
strong triangle inequality property of the contact order one checks that
O(6,a) = O(¢', ) for v € Zer f\B’. Substracting (7) from (8) we get the
first statement of the lemma. The second statement of the lemma is a con-
sequence of (7). O

Following Lemma 5.4 in [5] the discriminant of the morphism (z, f) can
be written as

(9) D(“’v U) = H (U - f(u77j(u)))

EXAMPLE 2.8. Let
h(z,y) = (y—2* —2°) (y —2® + 2°) (y + 2% — 2%) (y + 2 + 2%)
and let
filz,y) = 2"+ /Oy h(z,t)dt.

Since %—J;(x,y) = h(z,y), we get by (9)

23 10\’ 7 10\
iny D(u,v) = (U - 15u10> <v - 15u10> .

Thus the discriminant of (z, fi) is degenerate. One can also show that it
remains degenerate after any analytical change of coordinates.
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EXAMPLE 2.9. Let fo(z,y) =9° + 2%y + 20, As fo(x,y) is a quasi-
homogeneous polynomial, all its Newton—Puiseux roots are monomials of

the same order. The same applies to %—];2. The tree model T'(f2) has only

one pseudo-ball B of the height 2. We have Fg(2) = fa(1,2) = 2° + 2z + 1.
All critical values w; = Fp(z;), where z1, ..., z4 are critical points of Fp(z),
are pairwise different. By (9) and Lemma 2.5 we get

v—fg U, 2jU v—w]

HE,:;
HE,:;

Hence the discriminant of (x, f2) is non-degenerate.

The curves fi(x,y) =0 and fa(z,y) = 0 are equisingular. Nevertheless
the discriminant of (x, f1) is degenerate while the discriminant of (z, f2) is
non-degenerate.

ExAMPLE 2.10. Let f(z,y) = [[L, (y — ai(z)) where oq(z) =z + 23,
as(z) =2 — 23, az(x) = —z +2* and ay(x) = —2 — 2*. The curve f = 0 has
four smooth branches.

The tree model T'(f) is given in the picture below. Following [13] we
draw pseudo-balls of finite height as horizontal bars. The tree T'(f) has
three bars: Bj of height 1, Bs of height 3 and Bs of height 4.

a as 3 (87}

LJ B, LJ Bs

7

In order to compute the polynomial Fp(z) for B € T(f) it is enough to find
the lowest order term of f(x, Ap(z) + th(B)).

Since Ap, (z) = 0 and h(By) = 1, we get f(z, A, (x) —|-Z£L‘h(B1)) = f(z,zx)

=(-1)%(z+1)%24+
Similarly

F(z 2, (2) + 22" P)) = f (2,2 + 22%) =4(z — 1)(z + 1)2® +
and
f(z,Ap,(x) + 22" P)) = f(2, -2 + 22%) =4(z — 1)(z + 1)2"°
Hence
Fg (2) = (z—1)*(z+1)%, ¢(B)) =4,
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Fp,(2) =4(z = 1)(2+1), q(B2) =8,
Fp,(2) =4(z —1)(z+1), ¢q(Bs)=10.

Each of the above polynomials has exactly two roots. Thus for every
i € {1,2,3} there exists a unique critical point z;, Fp (2;) = 0 such that the
critical value w; = F'g,(2;) is nonzero. It follows from Lemmas 2.5 and 2.6
that z; = lcp, v; for some v; € Zer % which leaves T'(f) at B;. By Lemma 2.3
we have f(xz,7;(z)) = w;zdB) ... In view of equality (9) the initial New-
ton polynomial of the discriminant D(u,v) is the initial Newton polynomial
of H§:1 (v — wiuq(Bi)). Since this polynomial does not have multiple factors,
the discriminant D(u,v) is non-degenerate.

What matters in Example 2.10 is that different B € T'(f) have differ-
ent ¢(B) and also that T'(f) is a binary tree, hence for every B € T(f) the
polynomial Fp(z) has exactly two roots and consequently there exists ex-
actly one v € Zer 3—5 which leaves T'(f) at B. We use this idea in the next
example.

EXAMPLE 2.11. Let g(z,y) be a power series which tree model T'(g) is
presented in the figure below. The numbers attached to the bars are the
heights of corresponding pseudo-balls. Applying Lemma 2.7 one can check
that {¢(B): B€T(g)} = {8,16,20,36,38,42,44}. By the same argument
as before the discriminant of the morphism (z, g) is non-degenerate.

s L L L
3 4

The curve g =0 from the above example decomposes into eight smooth
branches. Following the idea of Example 2.11 one can construct new exam-
ples of multibranched curves, with more levels in their tree models, whose
discriminants are non-degenerate.

3. Factorization of the discriminant

Assume that all the Newton—Puiseux roots of f(z,y) and g—i(x, y) belong

to C{ z1/P } for some positive integer D. We define the action of the multi-
plicative group Up = {9 €eC: P = 1} of D-th complex roots of unity on
C{at/P),
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Take # € Up and ¢ € C{xl/D} of the form
o(x) = arz™/P 4 aga™N/P 4.
where 0 < Ny < Ny < ---. By definition
0% p(x) = a1 0™ aN/P 4 apgN2gN2/P 4

Following [14] we call the series 0 x ¢ conjugate to ¢.

It is well-known (see for example [23]) that if g(x,y) is an irreducible
power series such that Zer g C C{xl/D} then the conjugate action of Up
permutes transitively the Newton—Puiseux roots of g(x,y). The conjugate
action of Up preserves the contact order, i.e. O(¢,v) = O(0 * ¢,0 x 1)) for
P, € C{xl/D} and # € Up.

The indez of a fractional power series 3(z) is the smallest positive integer
N such that 3(z) € C{z'/N}. Following [23] we get:

PROPERTY 3.1. Let B(z) € C{ a:l/D} be a fractional power series. Then
the following conditions are equivalent:

1. The index of [(zx) equals N.
2. The set {0 B(x): 6P =1} has N elements.

3. If g(z,y) is an irreducible power series such that g(z, 3(x)) = 0 then
ordg(0,y) = N.

The action of Up on Zer f induces an action of this group on T'(f) as
follows. Let B = B(ak,O(ak,al)) and let # € Up. Set

0xB = B(G*ak,O(ak,al)).

The properties of the conjugate action imply that 6« B is an element of
T(f) and § « B = B(6x Ap,h(B)). Hence the definition of 6 * B does not
depend on the choice of a € BN Zer f.

ProposSITION 3.2. Let BeT(f), 6 € Up and B'=0xB. Then
¢(B) = q(B') and 09PIPFy(z) = Fp (0" P)P2).

PROOF. Acting by 6 on the equation
f(a:, Ag(x) + CIh(B)) = FB(C);EQ(B) 4.
we get
f($’ A (2) + Cgh(B)th(B)) _ FB(C)eq(B)qu(B) e
By Lemma 2.3
f(x, Ap () + cﬁh(B)D:L‘h(B)) = Fp (coMBIP)a(BY) 4 ...
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Since c is arbitrary, equating the right hand sides of the formulas above gives
the proof. [

For every B € T(f) we denote by B the orbit Up * B and by E(f) the
set of all orbits in T'(f).

Fix BeT(f). Let Dp(u,v) =[], (v - f(u,’yj(u))) where the prod-

uct runs over all j such that v; leaves T(f) at B. Set Dg(u,v) =
[15c5 DB (u,v). Then Dg(u,v) is a polynomial in v with coefficients in
C{ ul/P } . Furthermore we have:

LEMMA 3.3. Dz(u,v) € C{u}v].

PRrROOF. It is enough to verify that for every complex number vy the
index of Dg(u,vp) € C{ul/D} is 1, which is equivalent, by Property 3.1,
that the action of Up on this Puiseux series is trivial.

Take § € Up and B’ € B. We have

Q*DBI(U,Uo) = H (UO - f(uve*’}/j(u)))’

J
where j runs over v; leaving T'(f) at B’ and

D@*B’(uvv()) = H (UO - f(u/}/](u)))?
J
where j runs over v; leaving T'(f) at 6 x B'.

Since vy € Zerg—g leaves T'(f) at B’ if and only if 6 v leaves T'(f) at
0« B', we get 0 « Dp/(u,vg) = Dysp (u,v0). As a consequence

0« Dz(u,v9) = 6 * H Dp/(u,vg) = H Doy (u,v9) = Dg(u,vg). O
B’eB B’eB

We conclude that [[z5,. e() Pp(u,v) is an analytical factorization (not

necessarily into irreducible factors) of the discriminant.

By Proposition 3.2 every factor Dz(u, v) has an elementary Newton dia-
gram of inclination q(B). Observe that if D (u,v) is degenerate then D(u, v)
is also degenerate. The aim of this section is to compute the initial Newton
polynomial of Dy (u,v). For this we need the next auxiliary results:

LEMMA 3.4. Let A, B be positive integers. Then

H (2 — QBG) _ (ZA/gcd(A,B) _ aA/gcd(A,B))ng(AvB)'

04=1
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PrOOF. Set C' = gcd(A, B) and Ay = A/C, By = B/C. Then

IT(z-6%)= ] (=—(6)%a)= ] (z-w"a)

e Geyh=1 y
= I[ (z—w"a)" = (x4 —a™)©,
wAr=1

where the last equality holds since the numbers wP'a for w4 =1 are all
A;-th complex roots of ¢, O

LEMMA 3.5. Let G be a finite group and A be a finite set. Assume that G
acts on A transitively, that is A = Gag for some ag € A. Let P be a complex
valued function on A. Set Gy :=={g € G : gagp = ag}. Then

(i) 44 - 8Go = #G.

(i) [Tyeq P(9a0) = [Taea (Pa)) .

PRrROOF. The first statement is the orbit-stabilizer theorem.

To prove the second statement consider the function h : G — A given by
h(g) = gap. Then

11 Plg) = 11 H P(h(9) = [T Py

geG a€A geh~1(a) acA

The last equality holds since the fibers of the function h are the left-cosets
of Goin G. O

Now, our aim is to give a formula for Fp(z) from Lemma 2.3.

Fix a pseudo-ball B of T'(f). Let f = f1--- f» be the decomposition of f
into irreducible factors. Assume that Zer f; N B # 0 for j € {1,...,s} and
Zer finB=0for j e {s+1,...,r}. Note that s = 1 and perhaps s = r. For
every j € {1,...,s} choose a Newton-Puiseux root of fj(x,y) of the form

(10) Ag(x) + cjaB) 4.

Let N be the index of Ap and write h(B) = -'% with m, n coprime.

ForMULA 3.6. Keeping the above notations we have

CH

od/]w )

where C is a nonzero constant.
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Proor. Fix j € {1,...,s} and a Newton-Puiseux root a(x) of f;(z,y) of
the form (10). Since f;(x,y) is irreducible, the orbit Up * « is the set Zer f;.
By Lemma 3.5 the stabilizer Gy of a(x) has D/( Zer f;) = D/ord f;(0,y)
elements. Since every subgroup of a finite cyclic group is determined by the
number of its elements, Go = Up) o4 f,(0,y)-

Let us observe that 6 * o belongs to B if and only if § x A\g = Ap. By
a similar argument as before, the stabilizer G of Ap is the subgroup Up /y
of Up. Hence Zer f; N B = G * o. By (ii) of Lemma 3.5 we get

(11) H (z—lep(@*a)) = H (z—ch(ai))m_

0cG, o;E”Zer f;NB

On the other hand, following Lemma 3.4 we have

(12) H (Z — ICB(Q * a)) = H (Z — Cjeh(B)D) — (ZTL o C;L)D/nN,

0eG, OP/N=1

Comparing (11) and (12) we get

[T (2 —lesla)) = (=" - &rahOn/my,
a;€Zer f,NB

Finally

S

Fp(z)=C H H (z —lep(aq)) = CH (2" — C}?)Ordfj(oyy)/nN_ 0

Jj=1 o;€Zer f;NB 7j=1

From now on up to the end of this section we fix B € T(f) and put
q(B) = ﬁ with L, M coprime.

Let d%FB(z) =C'"(z—2z1) (22— 2). Set w; =F(z) for 1 <4 <1 and
let I := {z e{l,...,l}: w; # 0}. Keeping this notation we have:

LEMMA 3.7. The initial Newton polynomial of Dp(u,v) is
iny Dp(u,v) = H (v — wiuq(B)).

el

PROOF. By Lemma 2.3 the initial Newton polynomial of Dp(u,v) is
equal to []; (v — Fp(lep 'yj)uq(B)) where the product runs over j such that
v, leaves T'(f) at B. It follows from Lemmas 2.5 and 2.6 that the above
product equals ],; (v — wiuq(B)). O
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ProposITION 3.8. Let f(z,y) =0 be a reduced complex plane curve.
Take a pseudo-ball B of T(f) such that q(B) = % with L, M coprime. Let
N be the index of Ag. Then

(13) iny Dy (u,v) :H(UM—wlMuL) N/M
el
PROOF. Recall that B is the orbit of B under the % action of the
group Up. Since 8 x B = B if and only if § x A\p = A\p, the stabilizer of B is

the subgroup Up/y (see the proof of Formula 3.6).
We claim that under the assumptions of Lemma 3.7 one has

iny Doup(u,v) = H (v _ wieq(B)Duq(B)).
el
Indeed, by Proposition 3.2 the critical values of Fy.p are the critical values

of Fp times 095D which proves the claim.
By (ii) of Lemma 3.5 we have

H innr Dysp(u,v) = H inNDB/(u,U)D/N = inNDE(u,U)D/N.
6cUp B’eB

On the other hand, by the claim and Lemma 3.4 we have

H iny Doup(u,v) = H H (v—wiﬁq(B)Duq(B)) = H (vM—wZMuL)D/M.

0cUp 0P=1 icl el

Comparing the above equalities we get the proposition. [

4. The irreducible case

We assume in this section that f(z,y) € C{z,y} is irreducible. Let
p:=ordy f(0,y) > 1 and Zer f = {ai(x)}le. The contacts {O(ai,aj)}#j,
called the characteristic exponents of f(x,y), form a finite set of ratio-
nal numbers {%’“}221, where b; < --- <by. Set by =p. The sequence
(bo, b1, ...,bp) is named Puiseux characteristic. Since f(x,y) is irreducible,
its Newton—Puiseux roots conjugate and all the pseudo-balls with the
same height belong to the same conjugate class in E(f). Write E(f) =
{B,...,By}, where h(By)= %’“ for ke {l,...,h}. By Lemma 2.7
q(B1) < q(B2) <---<q(Bp). The discriminant D(u,v) is the product
HZ:I ,ng (u7 U)'

We now characterize the factors appearing in this product. Let B € T'(f).
By Formula 3.6, we have F(z) = C(2" — ¢®)7~. This polynomial has only
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one nonzero critical value w = Fg(0) of multiplicity n —1. By Proposi-
tion 3.8, we have

iny Dg(u,v) = (v —wMul) (nfl)N/M,
where ¢(B) = &, ged(L, M) =1 and N is the index of Ag. We stress that
in the next corollary we only use the fact that iny Dg(u,v) is a power of
a quasi-homogeneous irreducible polynomial.

COROLLARY 4.1. The power series Dg (u,v) is non-degenerate if and

only if there are no lattice points inside the only compact edge of its Newton
diagram.

Theorem 1.1 is a consequence of Corollary 4.1 since the Newton diagram
of D(u,v) is the sum of the elementary Newton diagrams of Dg (u,v).

According to Merle [18] and Ephraim [3] the semigroup T' (see for ex-
ample [24] in the transversal case and [8] in the general case) of f(z,y) =0
admits the minimal sequence of generators by := ord f(0,y),b; < --- < by, and

the Newton diagram of the discriminant D(u,v) is

h P
(g — 1)by,
(14> Z{nl"'nk—l(nk_]-)}’

k=1

where

— ng(%7 Fl? ) bk—l) _ ng(b()7 ) bk’—l)
ng(bo,bl,...,bk) ng(bo,...,bk)

and by convention ng = 1. The inclinations of the edges of the Newton di-
agram (14) are q(B1),...,q(By). They are called polar invariants of the
pair (z, f).

Since the Newton diagram of a product is the sum of the Newton di-
agrams of its factors and the sequence (q(Bk)) is increasing, the Newton
diagram of Dg (u,v) is the k-th term of (14).

COROLLARY 4.2. The power series ng(u,v) is non-degenerate if and
only if (ny, —1)ged(bg,ny---ng_1) = 1.

PROOF. Since the Newton diagram of D, (u,v) is

(e

the statement follows from Corollary 4.1. [
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REMARK 4.3. Note that if for & > 1 the polar invariant ¢(By) is an in-
(ne—=1)bi
teger then {

nl---nk_l(nk—l)
D(u,v) is degenerate.

} has lattice points inside its compact edge and

Observe that a necessary condition for D(u,v) to be non-degenerate is

ny =mno =--- =ny = 2, where h is the number of characteristic exponents
of f=0.

COROLLARY 4.4. Let f(x,y) = 0 be a branch with h characteristic expo-
nents. We have

1. If h =1 then the discriminant D(u,v) is non-degenerate if and only
if ord f(0,y) = 2.

2. If h =2 then the discriminant D(u,v) is non-degenerate if and only
if ord f(0,y) = 4.

3. If h > 2 then D(u,v) is degenerate.

5. The general case

In this section we specify the polynomial factorization of iny Dg(u,v).
We start with four technical lemmas. Their sole purpose is to show that the
factors of (16) and (17) in Proposition 5.6 are polynomials.

LEMMA 5.1. Let 0 < a < b and let f: [a,b] = R be a continuous func-

tion such that f(x) 20 for a <x <b. Let ¢ be a positive integer. Then
(m—

m

MaXye(q,b] x)f(ﬂ?) — MaxXge[qp f(z) as m — oo.

PROOF. Let zy be the point of the interval [a,b] such that f(zg) =
max,c(qy f(7). We have

(m — x0)° (m — )"

< A <
— f(wo):mrgﬁﬁ] — f(x):mrgﬁfg]f(x)

for large m. Passing to the limits we get the lemma. [

LEMMA 5.2. Letay,...,ay be positive integers. Then there exist pairwise
different nonzero complexr numbers dy,...,d, such that the polynomial

1) =[] (t-d)"

has n — 1 pairwise different nonzero critical values, and all of them differ
from H(0).
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PRroOOF. It suffices to construct step-by-step a sequence 0 < dy < dy <
.-+ < dy such that the polynomials

k
Wi(t) = (t—dj)*¥ for ke{l,...,n}
j=1

satisfy conditions Wj(0) < maxye(q, 4,) Wk(t) < -+ < maxeq, , a,) Wk(t)-

Assume that the numbers 0 < d; < --- < dj, and the polynomial Wy(t)
are already constructed. Applying Lemma 5.1 to every interval [d;_1,d;]
and to the interval [0,0] we conclude that for sufficiently large m =: dj4+1
the maximal values of the polynomial

1 (m — )29+
s V() = == Wa(t)
in the intervals [0, 0], [d1,d2], ..., [dk—1,d] form an increasing sequence and

are bigger than Wy 1(0)/m?%+1.
To assure that

max W, t) < max W, t
te(0,dy] (1) t€[dy,dry1] 1 (f)

it is enough to observe that in the sequence of inequalities

m—dk
2

) deg Wk+1(t)

Wit (t) < m2ae Wi(t) <
o k+1(t) = m nax k(t) (

m + dy,
< W, < Wi1(t
= Wk+1 ( 9 ) = te[gz%fﬂ] k+1( ),

the second inequality holds for all m big enough. Finally taking H(t) :=
[Tj=, (t —d;)® we see that the nonzero critical values of W (t) are the

squares of the nonzero critical values of H(t) and we prove the lemma. [

COROLLARY 5.3. Let H(t) be a complex polynomial of the form
(15) H(t) =t ][ (¢ —dj)™,
j=1

where a; are positive integers for j € {0,1,...,n}. Then for some dy,...,d,
the polynomial H(t) has n pairwise different nonzero critical values.

PrROOF. By Lemma 5.2 we can choose a sequence eg, e1,. .., e, such that
the polynomial Hy(t) = [[;_, (t — €;)* has n pairwise different nonzero crit-
ical values. We finish by putting H(t) = Hi(t +eg) and d; =e; —eg for
je{l,...,n}. O
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In the next lemma we change the notation slightly. Notice that the poly-
nomial F'p(z) and the exponent ¢(B) in Lemma 2.3 depend not only on B
but also on the power series f(z,y). We write Fip r(2) for the polynomial
and ¢(B, f) for the exponent to stress this dependence.

LEMMA 5.4. Let f(x,y) be a reduced power series such that f(0,y) # 0.

Fiz B € T(f). Let N be the index of A\p and write h(B) = % with m, n

coprime. Assume that Fp (z) = C2% [[7_ 1( —d;)", where d; are pair-
wise different nonzero complex numbers, ag is a nonnegatwe mteger and a;
are positive integers for j € {1,...,s}.

_ Then for every sequence of pairwise different nonzero complex numbers
di,...,ds there exists a reduced power series f(x,y) such that B € T(f)

a(B, ) = a(B, f) and Fyy 1(2) = C2 [y (=" — ).

PRrROOF. Let f = f1---f, be the decomposition of f(x,y) into irre-
ducible factors. Without loss of generality we may assume that Zer f; N B
#0 for ie{1,...,k} and Zer ;N B =0 for i € {k+1,...,7}. For every
ie{l,...,k} choose a Newton-Puiseux root of f; of the form «;(z) =
Ag(2) + "B 4. Let C={cP: i€ {l,...,k}}. Then it follows from
Formula 3.6 that C\ {0} = {d1,...,ds}, a0 = % >, e—oord fi(0,y) and a; =
ﬁ Zi:cv:dj ord f;(0,y) for j=1,...,s

For évery i € {1,...,k} take the fractional power series

ai(z) = ci(x) + (& — ;)2 B = \p(z) + &P 4 ...

where ¢; =0 if ¢; =0 and é?:a?j if ¢ff =d;. Set f:afl"'fkfk+1“‘fr,
where ﬁ(x,y) are irreducible power series such that &; € Zer ﬁ for i €
{1,...,k} and a is a constant which will be specified later. Clearly B is
an element of T'(f).

Now let us compute Fp 7 One has ord £i(0,y) = ord f;(0,y) for i=
1,...,k since a;(x) and &;(x ) have the same index. By the first part of the
proof it is clear that Fp #(z) = C 2% [[=: (" = d]) By a suitable choice
of the complex number a we get C = C.

It remains to prove that ¢(B, f) = q(B, f). Let ~v(x) = Ag(z) + caB)
where c is a generic constant. Then

q(B, f) =ord f(z,v(z Zordfzx’y )

and an analogous formula holds for ¢(B, f ).
Fix ¢ € {1,...,k}. For generic ¢ we have

cont(, Zer f;) = cont(y, Zer f;) = h(B).
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Since the Puiseux characteristics of both irreducible power series are the
same, we get ord fi(x,v(x)) = ord fi(:c, v(x)) (see for example [18], Propo-
sition 2.4 for the transverse case and [9], Proposition 3.3 for the general
case). O

REMARK. One can show that the power series f (z,y) constructed in the
proof of Lemma 5.4 has the same equisingularity type as f(z,y).

We introduce a new polynomial Hp(t) associated with B € T'(f) whose
critical values provide a polynomial factorization of iny Dz (u,v).

LEMMA 5.5. Fiz B € T(f). Let N be the index of Ag. Write h(B) = %
and q(B) = ﬁ where ged(m,n) = ged(L, M) = 1. Then there exists a unique
polynomial Hp(t) such that Hg(z") = Fg(z)™.

PROOF. Assume as earlier that all Newton—Puiseux roots of f(x,y)
and g—g(x,y) belong to C{xl/D} for some positive integer D. We use

the properties of the conjugate action introduced in Section 3. One eas-
ily checks that 6 « B = B for § € Up y (see the proof of Proposition 3.8).

Set D = DonN and take 6 € Up,y such that w := 6P is an n-th primitive
root of unity. By Proposition 3.2 we get §9B5)P Fp(z) = Fp(#"P)Pz%). Hence
Fp(2)™ = Fg(w™2)™. Comparing the terms of both sides we see that all
monomials appearing in the polynomial F B(z)M are powers of 2. [J

PROPOSITION 5.6. Let f(xz,y) =0 be a reduced curve. Fiz B € T(f).
Let N be the index of Ap. Write h(B) = ;% and ¢(B) = % where ged(m,n)
=gced(L,M) =1. Let Hg(t) = C(t —t1)--- (t — t,). Set wo = Hp(0), w; =
Hp(t;) and J = {je{l,...,r}: w; #0}. Then

(16)

iny Dg(u,v) = ('UM — W()uL) (n=1)N/M H (vM — WjuL) nN/M if wo #0,
jeJ

(17) iny Dg(u,v) = H (UM - Wj’LLL) nN/M if wo=0.

jedJ
Moreover (16) and (17) give a polynomial factorization of iny Dg(u,v).

PRrROOF. The above formulas follow from Proposition 3.8 and the equal-
ity MFB(z)M_ng(z) = nz"" ' Hl;(2™) which allows to express critical values
of Fp in terms of critical values of Hpg. ~

Using Lemma 5.4 we can replace f(x,y) by such a power series f(z,y)
that conclusions of Lemma 5.2 or Corollary 5.3, for H(t) = Hp(t), are satis-
fied. Then {w; }j eJufo} 1s a sequence of pairwise different complex numbers.
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The polynomials vM — WjuL are irreducible and pairwise coprime. Hence
the exponents (n — 1)N/M, nN/M in (16) or nN/M in (17) are integers.
O

THEOREM 5.7. Let f(x,y) =0 be a reduced curve and let B € T(f). Let
N be the index of Ap. Write h(B) = ;% and q(B) = ﬁ where ged(m,n) =
ged(L, M) = 1.

1. If Hp(t) has only one root (possibly multiple), then Dg(u,v) is non-
degenerate if and only if (n —1)N = M.

2. Otherwise Dz(u,v) is non-degenerate if and only if nN = M and all
nonzero critical values of Hp(t) are simple.

PRrROOF. Assume that Hp(t) has only one root. By Proposition 5.6

iny Dg(u,v) = (VM — woul) (n=DN/M  ppig polynomial is non-degenerate

if and only if (n — 1)N = M.

Suppose that Hp(t) has at least two different roots. Assume that
wo = 0. Then (17) is a reduced polynomial if and only if nN = M and
all nonzero critical values of Hp(t) are simple. Assume now that wgy # 0.
Then the polynomial (16) is reduced if and only if nN/M =1 and (w;) jeJ
is a sequence of pairwise different complex numbers. In this case the only
difficulty arrives from the term (UM — wouL) (n=DN/M 0t the exponents
nN/M and (n —1)N/M are integers, so the condition nN/M =1 implies
(n—1)N/M =0. O

We finish this section with another example of a multibranched curve
f =0 such that the discriminant of the morphism (z, f) is non-degenerate.
For the construction we use the Eggers tree whose construction we now re-
call. We assume that © = 0 and f = 0 are transverse. Recall that E(f) is
the set of all conjugate classes of B for B € T'(f). An element of E(f) is
uniquely determined by its height h(B) := h(B) and the set of irreducible
factors f; of f such that Zer f; N B # 0 (see [14], Section 6). The tree struc-
ture on T'(f) induces a tree structure on E(f)U{fo,..., fr}. This newly
constructed tree is called the Eggers tree of f ([2], see also [4]). In Eg-
gers’ terminology the vertices from E(f) are called black points and those
from {fo,..., fr} are called white points. The Eggers tree is an oriented tree
where the root is the black point of the minimal height and the leaves are
the white points. The outdegree of a vertex () is the number of edges joining
() with its successors.

REMARK 5.8. The first part in Theorem 5.7 corresponds to simple points
(i.e. vertices of outdegree 1) in the Eggers tree. The second part corresponds
to bifurcation points (vertices of outdegree greater than 1) in the Eggers tree.
The number of irreducible factors of Hp(t) is equal to the outdegree of the
vertex B.
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EXAMPLE 5.9. Set ng = 1 and let nq,...,n; be pairwise coprime integers
bigger than 1. We construct a singular power series f = fof1--- fx, where
fi are irreducible power series, ord f;(0,y) = ng---n; for i € {0,...,k}, and
such that the discriminant of the morphism (z, f) is non-degenerate.

Let h; = 1+i+--- i for iE{L...,k:}. We claim that h; can be
b

written as -, Wlth b; and ni -+ -n; coprime. The proof runs by induction

on ¢. For i = 1 we have hy = "1“ Assume that ged(b;,n1---n;) = 1. By

the equality - bit1 b + n_lﬂ we get bjy1 = bing+1 +ny---n;. Thus

Mt Ny Ny

ged(biy1,niv1) = ged(ng -+ - ngymiqr) = 1,
ged(bit1, -+ ni) = ged(binit1,ny---ny) =1

and consequently we get ged(biy1,n1 - nip1) = 1.
Let

ap(z) =0,
o (z) = zM,

a?(x) = l‘hl + th’

ag(x) =zM 4 ah 4. g

We consider f = fofi--- fr where f; are irreducible power series such that
«; € Zer f;. By Property 3.1 the order of f;(0,y) is ng---n; fori € {0,...,k}.
Let B; = B(a;_1,h;) for i € {1,...,k}. Then E(f)={B,..., B} The
Eggers tree of f is drawn below.

{Jz?} {{f} {ng} = {fkc:l}{fk}

Since A, (x) = aj—1(z) we have, with the notations of Formula 3.6, N =
ng---n;—1 and n = n;. Hence

oxdf7 1(Dy orde(O ) ) A
(18)  Fp,(s) = C(=" - I — Ca(em - ),

J=t
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where A; is a positive integer.

Now we show that ¢(B;) could be written as ]@— = nL—N with L; and nINV
coprime. Since h(B;) = nbN with b; and nN coprime, it is enough to prove
by induction on ¢ that for ¢ € {1,...,k} the difference ¢(B;) — h(B;) is an
integer. By Lemma 2.7 and (18) we get

q(B1) = §(Zer f)h(By) = deg Fip, (2)h(B1) = (1 + n1A1)h(By).
Hence ¢(B1) — h(B1) = b1 A;. Now, again by (18) and Lemma 2.7 we get
1 1

q(Bit1) — q(Bi) = (1 + niy14i1)
Ni4+1 Ni+1

+ Aita.
Thus by the inductive hypothesis

q(Bit1) — h(Biy1) = q¢(B:) +

+ Aip1 — h(Biy1) = ¢(B;) — h(B;) + Aia
Ni41

is an integer.

The only roots of Hp,(t) are 0 and 1. Therefore this polynomial has
a unique nonzero critical value w;. By equality nN = M; and Proposition 5.6
we get iny Dy, (u,v) = v — wu.

The polynomials iny Dg (u,v), for 1 =i = k, are irreducible and pair-
wise coprime. Hence the discriminant D(u,v) = Dg, (u,v)---Dg, (u,v) of
the morphism (z, f) is non-degenerate.

6. Stability of the discriminant’s initial Newton polynomial

To simplify subsequent statements we say that the power series Hj (u,v),
Hjy(u,v) are equal up to rescaling variables if there exist nonzero constants A,
B, C such that Hy(u,v) = CHy(Au, Bv). The Kouchnirenko non-degeneracy
of a power series in two variables does not depend on rescaling variables.

LEMMA 6.1. Let D(u,v) be the discriminant of the morphism (f,g).

Then for any monzero constants A, B the discriminant curve of the mor-
phism (Af, Bg) admits the equation D(u/A,v/B) = 0.

PROOF. Let u = Au/, v=Bv'. As (u,v) = (Af(z,y), Bg(z,y)) then

(W', v") = (f(=,y),9(z,y)) . Hence, the discriminant curve of the morphism
(Af, Bg) admits the equation D(v/,v") = 0 which gives the lemma. O

THEOREM 6.2. Let f =0 be a reduced singular curve and let £ =0 be
a smooth curve which is not a branch of f=0. Then for every invertible
power series ui(x,y) € C{z,y} the initial Newton polynomials of the dis-
criminants of (£, f) and (£,uif) are equal up to rescaling variables.
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PROOF. An analytic change of coordinates does not affect the equation
of the discriminant. Hence, we may assume that ¢(z,y) = . By Lemma
6.1 we may also assume that u1(0,0) = 1. Since f and u;f have the same
Newton—Puiseux roots, their tree models coincide. Let B € T'(f). Applying
Lemma 2.3 to f and u; f we show that Fp f(2) = Fpy,f(2) and ¢(B, f) =
q(B,u;if). By Lemma 3.7 the initial Newton polynomial of the discriminant
depends only on Fp(z) and ¢(B) for pseudo-balls B from the tree model.
This proves Theorem 6.2. [J

In what follows we need a few auxiliary results about fractional power
series.

Consider the fractional power series ¢(z) =z + --- =z (1 + ¢1(z)). We
define the formal root

1
¢(x)1/n::x1/nm7 where m;:1+ﬁz+...

is an analytic branch of the n-th complex root of 1+ z. Then, having a power
series 1(x) = 1 (x'/™), where 1(t) is a convergent power series, we define the

formal substitution ¢(¢(m)) as the fractional power series @(qﬁ(w)l/ ") )
LEMMA 6.3. Let

N—-1
a;(x) =x + Z apzh/m 4 N 4L
k=n+1

N-1
Biy) =y+ Y by +diy"m 4 -
k=n+1

fori1=1,2. If ﬁl(oq(a:)) = ﬂg(ag(m)) then ¢1 — co = do — dj.

PROOF. Write M(y) = Y005, bpy™/™. Then
0= p1(en(x)) — B2(az(z))
= [o1(@) = a2(2)] + [Maa(x)) = A(asz(@))]
+ [di (e (@) V" = da(as(@)) V" + -
= [(cr =)™+ -] + [(d1 = d2)z™" + -] + [A(a1(z)) — A(az(2))]
=[(aa—cotdi —dp)a™™ + -] + [Moa(x)) — A(aa(2))].
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To finish the proof it suffices to show that the fractional power series
Ma1(z)) — A(az(z)) does not contain the term of order N/n. This task
reduces to

CLAIM. For every k > n the order of (o1 (z)) kfn _ (a2(z)) ki s bigger
than N/n.

PROOF. For every convergent power series g(z) € C{z} there exists
G(z,w) € C{z,w} such that g(z) — g(w) = (z — w)G(z,w).

Let aj(z) =2(1+ &(z)) for i =1,2. Using the above equality for

g(z) = V1 + z we get
(en(@) " = (as(@) " = 2 (T &))" — (VT Ga(x))")
= xk/"(&l(x) — az(z)) G(au(z), as(z))

= a®=/" (a4 (2) — as(z)) G(a1(x), da(x))
which proves the Claim. [

LEMMA 6.4. Let f(z,y) = (y — x)" +--- be an irreducible complex power
series. Then for every Newton—Puiseux root y = a(x) of f(x,y) there exists
a Newton-Puiseuz root © = B(y) of f(x,y) such that 3(a(z)) = .

PRrROOF. Fix a Newton—Puiseux root y = a(x) of f(z,y). Let fi(y),...,
Bn(y) be the solutions of f(z,y) =0 in C{y}". Then there exists a unit

v(z,y) € C{z,y} such that f(z,y) =v(z,y) H?Zl (:r: — B](y))_ By Property
3.1 the index of every 3;(y) is n and we can write 3;(y) = Bi(y*/™). Sub-
stituting y := s™ we get f(z,s") = v(z,s") H?Zl (x — ﬁj(s)) . By putting
s = a(z)"™ we obtain

0= f(20(e)) = v(w.alx)) [ (@ - B (al)"™)

7j=1
and the lemma follows. [

REMARK 6.5. By Lemma 6.4 for every fractional power series y =
a(z) =x+--- there exists a fractional power series = = [3(y) such that
B(a(z)) = x. We call z = B(y) a formal inverse of y = a(z). By Lemma 6.3
a formal inverse is unique. One can also show that if x = B(y) is the formal
inverse of y = a(z) then y = a(z) is the formal inverse of = = ((y).

THEOREM 6.6. Let f =0 be a unitangent reduced singular curve and let
1 =0, by = 0 be smooth curves transverse to f = 0. Then the initial Newton
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polynomials of the discriminants of morphisms ({1, f), (b2, f) are equal up
to rescaling variables.

PROOF. Assume that the curves ¢1 =0, ¢ = 0 are transverse. Then
there exists a system of local analytic coordinates (Z,y) such that ¢; =2
and ¢5 = . By assumption the curve f =0 has only one tangent § = cZ,
where ¢ # 0. In the new coordinates (z,y) = (cZ,7) this tangent becomes
y =

Let g(z,y) be the Weierstrass polynomial of f(z,y) and ¢'(z,y) be the
Weierstrass polynomial of f(—y,z). Then by Lemma 6.1 and Theorem 6.2
the initial Newton polynomials of the discriminants of the morphisms (¢1, f)
and (x,g) are equal up to rescaling variables. The same applies to the mor-
phisms (45, f) and (z,¢’).

Write Zerg = {a1(),...,op(z)}. Let B;(y) be the formal inverse of
a;(z) for i =1,...,p. It follows from Lemma 6.4 that of(z) = —p3;(z)
are Newton-Puiseux roots of ¢'(z,y) for i=1,...,p. By Lemma 6.3
in () — aj()) =in (ej(x) — oj(x)) for 1 <i < j<p. We get Zery =
{(2),...,0(x)}.

The mapping B(a;, O, aj)) — B(afi,O(ag,ag)) gives a one-to-one
correspondence between pseudo-balls of the tree models T'(g) and T'(¢).
Moreover, for every B € T(g) and the corresponding B’ € T'(¢') there exists
a constant ap such that lep (of) = lcg(ay) + ap for oy € B, o, € B'.

By Remark 2.4, the leading coefficients of

Fpy4(z) =C H z—lep( ozz))

it €EB

and

Fp g(z)=C" H (2 —lep (af))

1 ajeB’

are given respectively by

Cz1(B9) = | H in (o(z) — ai(2)) | H gh(B)

and
') = T in(afe) = af(w) [ ",
ol gB’ i:aleB’
where o is a fixed element of B. Hence C' = (', ¢(B,g) =q(B’,¢') and
Fpg4(2) = Fp g (2 +ap). By Lemma 3.7 the initial Newton polynomial of

the discriminant depends only on the critical values of Fp(z) and on ¢(B)
for B from the tree model. This proves Theorem 6.6 in transverse case.
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To prove Theorem 6.6 in the case when ¢; = 0 and ¢, = 0 are tangent

it is enough to take a smooth curve £3 = 0 which is transverse to ¢14sf =0
and apply the previously proved part to pairs of morphisms (¢1, f), (¢s, f)
and (637 f)a (ZQa f) O

EXAMPLE 6.7. Let f = (y*— l’2)2 + 2. The discriminant of (z, f)

is degenerate while the discriminant of (x + vy, f) is non-degenerate. The
second discriminant can be easily computed after the change of variables

r=1 -y, y=y.
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