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Let f(Y)eKI[Xy,...,X4lllY] be a quasi-ordinary Weierstrass polynomial with coeffi-
cients in the ring of formal power series over an algebraically closed field of charac-
teristic zero. In this paper, we study the discriminant Df of f(Y) — V, where V is a new
variable. We show that the Newton polytope of Dy depends only on contacts between
the roots of f(Y). Then, we prove that f(Y) is irreducible if and only if the Newton poly-
tope of Dy satisfies some arithmetic conditions. Finally, we generalize these results to

quasi-ordinary power series.

1 Introduction

Classically, the irreducibility of singular plane curves was studied by resolving the sin-
gularity or using approximate roots (Abhyankar criterion). More recently, in [10, 11] we
use discriminants and the so-called Jacobian Newton polygon introduced by Teissier in
[27]. In [2], Assi gives an irreducibility criterion for quasi-ordinary polynomials that gen-

eralizes the approach of Abhyankar for plane curves. In [14], Gonzalez Villa characterizes
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the irreducible quasi-ordinary polynomials in terms of its Newton process (a way to
encode the resolution). Previously, in [9, Theorem 3] the authors proved that if a power
series is irreducible and has a polygonal Newton polytope (the maximal dimension of
its compact faces equals one), then it has only one compact edge, which generalizes the
case of plane curve germs.

In this note, we study the irreducibility of a quasi-ordinary Weierstrass polyno-
mial f(Y) e KI[X]I[Y] from the point of view [10, 11]. We consider the Newton polytope
A(Dy) of the discriminant D s(X, V) = Discry(f(Y) — V), where V is a new variable.

The main result of the article is Theorem 7.1 which states that if p(Y), f(Y) are
quasi-ordinary Weierstrass polynomials such that A(D,) = A(Dy) and f is irreducible
then pis also irreducible.

Our tool is the tree model associated with a quasi-ordinary polynomial, also
called Kuo-Lu tree. This combinatorial object is a natural generalization of a tree intro-
duced in [18]. The tree model T(f) of a polynomial f(Y) depends only on contacts
between the roots of f(Y).

In Theorem 4.1, we give an explicit formula expressing the Newton diagram
A(Dy) by T(f). Then, after some preparatory work, we characterize in Theorems 6.2
and 6.3 the tree models of irreducible quasi-ordinary Weierstrass polynomials. These
are tree models with the highest possible level of symmetry.

The proof of Theorem 7.1 is based on above results and its idea is to show that if
A(Dp) = A(Dy) and the tree model T(f) has a high level of symmetry, then T(p) has the
same structure as T(f).

A consequence of the main result is Theorem 8.1 which presents an arithmetical
test of irreducibility for quasi-ordinary Weierstrass polynomials. As an illustration we
apply this test to three examples of quasi-ordinary polynomials from [2].

Finally in Section 9, we generalize the notion of the discriminant D ¢(X, V), which
was previously defined for quasi-ordinary Weierstrass polynomials, to Y-regular quasi-
ordinary power series and we generalize the criterion of irreducibility to such power

series.

2 Quasi-Ordinary Weierstrass Polynomials

While the term quasi-ordinary appears in the 60s with Zariski paper [28] and Lipman
thesis [22], the study of these objects goes back at least to the paper [16] of Jung. In
this section, we recall the notion of quasi-ordinary Weierstrass polynomials and some

results that will be useful in the development of this note.
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Let K be an algebraically closed field of characteristic zero and let
fO=Y'"+a(X1,..., XY '+ +an(Xy,..., Xa) € KIXIY] (1)

be a unitary polynomial with coefficients in the ring of formal power series in X =
(X1,...,Xq). Such a polynomial is called quasi-ordinary if its Y-discriminant equals
X' X3'w(X), where o; € N and w(X) is a unity in K[[X]], that is w(0) # 0. We call f(¥) a

Weierstrass polynomial if ¢;(0)=0foralli=1,...,n

Theorem 2.1 (Abhyankar-Jung Theorem [1, 16, 24]). Let f(Y)eKI[[X]I[Y] be a quasi-
ordinary Weierstrass polynomial. Then there is k€ N\ {0} such that f(Y) has its roots
in KI[X}, ..., Xk O

For every d-tuple a=(a,...,aq) € Ogo denote X*=X\"'---X;. Let Zerf=
{Y1(X), ..., Y5(X)} be the set of roots of f(Y) in KI[XT, ..., Xk1I. As the differences of roots

divide the discriminant, we have for i # j
Yij(X) = Y(X) — Y;(X) = X"u;(X), for some A;j € (1/ N, 1;5(0) #0.

In the next we will write Y; instead of Y;(X) and ¥;; instead of ¥;;(X). We call O(¥;, Y)) :=
Aij the contact between Y; and Y;. We put O(Y;, ¥;) = 4o0.
Let us introduce a partial order in Q% (o, ..., aq) < (B1, ..., Bq) if and only if

a; <pB;foralli=1,...,d Letus put by convention « < +oco for « € Q<

Lemma 2.2 ([4, Lemma 4.7]). Leta, B8, y € N? and let a(X), b(X), c(X) be invertible ele-
ments of K[[X]]. If
aX) X - bXX =c(X X,

then eithera < B or g <a. O

Applying Lemma 2.2 to Y, Yj, and ¥;; we see that for every Y, Y}, Yi € Zer f one
has O(¥;, Yi) < O(Y}, Y) or O(Y;, Yi) > O(Yj, ¥i). Moreover, we have the strong triangular
inequality: O(Y;, Y;) > min{O(Y;, Yi), O(Y;, Yx)}. Consequently for every subset AC Zer f
the set of contacts {O(Y}, ¥) : Y}, ¥ € A} has the smallest element.

3 The Tree Model T( f)

In this section, we construct the tree model T(f) which encodes the contacts between
the roots of f(Y). Given he Q%, we write ¥; = ¥; mod h* if O(Y;, ¥}) > h.

GT0Z ‘s Joquueldas uo :: e /6i0'seulnolploxoulwi//:dny wodiy papeojumoq


http://imrn.oxfordjournals.org/

5786 E. R. Garcia Barroso and J. Gwozdziewicz

Let B =Zer f and let h(B) be the minimal contact between the elements of B. We
represent B as a horizontal bar and call h(B) the height of B. The equivalence relation
= mod h(B)" divides B into equivalence classes By, ..., Bx. From B we draw k vertical
segments and at the end of the ith segment we place a horizontal bar representing B;.
The bar B; is called a postbar of B and we write B | B;. For each B; we repeat this
construction recursively. We do not draw the bars of infinite height.

Remark that for every bar B € T(f) there exists a unique sequence B L B’ 1. B” |
... 1 B starting from the bar B of the minimal height.

Let #A denotes the number of elements of the set A.

Definition 3.1. To every bar B e T(f) we associate a d-tuple q(B) € ng in the next

way:

(i) If B is the bar of the lowest height then q(B) =#B - h(B).
(ii) If B L B’ then q(B’) =q(B) + #B'(h(B’) — h(B)).
(iii) If h(B) is infinite then g(B) is also infinite. O

Remark 3.2. For d=1, q(B) becomes a rational number. In [10, 12] this number was
defined by using the order of certain substitutions. However Lemma 2.7 in [12] states

that g(B) satisfies the recursive formula of Definition 3.1. Hence, that definition coin-

cides with the present one. O
Letq=(q1,-..,9q) € Ogo and let k be a positive integer. We define the elementary
Newton polytope

{%] = Convex Hull ({(q1, ..., qa, 0), (O, ..., 0, )} + RE).

Example 3.3. The elementary Newton polytope [(%Tl)} is

(0,0,4)
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With each tree model T we associate the Newton polytope

_ (t(B) — 1)g(B)
AT—Z{ 2B -1 }, (2)

BeT

where T is the set of bars B € T of finite height, ¢(B) is the number of postbars of B and

the sum denotes the Minkowski sum (see [8, Chapter 4, Definition 1.1]).

4 Newton Polytope of the Discriminant

Let h(X) = Ziai)_(i be a power series in s variables and coefficients in K. The Newton
polytope A(h) of his the convex hull of the set Uaﬁeo{i-f- R:,}. In two variables case the
Newton polytope is called the Newton diagram.

If g(Y) € C{X;}[Y] is a Weierstrass polynomial then the Newton diagram of the
Y-discriminant of g(Y) — V, where V is a new variable, is determined by the tree model
of g (see Lemma 4.4). In this section, we generalize this result to quasi-ordinary Weier-

strass polynomials in K[[ X3, ..., Xgll[Y].

Theorem 4.1. Let f(Y) € KI[X]I[Y] be a quasi-ordinary Weierstrass polynomial and let
D¢(X, V) be the Y-discriminant of the polynomial f(Y) — V, where V is a new variable.
Then A(Dyf) = Arp). O

Set fFV)=Y"+a;(X1,..., XY+ .+ a,(Xy,..., Xg) eKIXIY] Let X; =T,
..., Xqg=T% be monomial substitutions, where T is a new variable and ¢; are positive

integers. Set c=(cy, ..., cg) and let
I =Y"+a (T, ..., TOY" " +... 4 a(T?, ..., T%) e KI[TIY]. (3)

Remark that if ¢ >nfori=1,...,d then the order of ¢;(T“,..., T%) is bigger than or
equal to nfori =1, ..., n In particular the initial form of g, treated as a power series in

variables T and Y, is not divisible by T since Y" is one of its terms.

Lemma 4.2. There is a bijective correspondence between the bars of T(f) and the bars
of T(g). Moreover, if B and B are corresponding bars of T( f) and T(g), respectively, then
h(B) = (c, h(B)) and q(B) = (c, q(B)), where (-, -) denotes the standard scalar product. [

Proof. Set T¢=(T%,..., T%). Clearly Zerg={Yi(T9). ..., Y%(T9} and O(¥%(T9), Y;(T%) =
(c, O(%(X), Yj(X))) for i # j. Hence every bar B={Y; (X),..., ¥, (X)} of T(f) yields the
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bar B ={Y; (T, ..., Y, (T} of T(g) of height (c, h(B)). Taking the scalar product by c of

the equations appearing in Definition 3.1 we get the second part of the lemma. |

Further, in this section, we write (x, y) for (xi, ..., x4, y) € R4,

Corollary 4.3. Let 7 : R¥! — R? be the linear mapping given by (x, x4,1) — ((C, X), X4;1).
Then JT(AT(f))ZAT(g). O
Proof. Corollary 4.3 follows from Lemma 4.2 and two simple observations: n([%}) =

[%} for every elementary Newton polytope {%} CR%I, and w(A; + Ay) =7 (A) +

7 (A,) for all Newton polytopes Ay, A, C Rgg{ .

Lemma 4.4. Let Dy(T, V) be the Y-discriminant of the polynomial g(¥) — V, where V is
a new variable. Assume that T does not divide the initial form of g treated as a power

series in two variables. Then A(Dy) = Ar). O

Lemma 4.4 was proved in [10, p. 691] for Weierstrass polynomials in C{T}[Y].
However, its proof can be generalized without any problems to Weierstrass polynomials

with coefficients in the ring K[[T1]].

Proof of Theorem 4.1. For every Newton polytope A C R’;O and every v € R’;O we define
the support function l(v, A) = min{{v, @) : @ € A}. To prove the theorem it is enough to
show that the support functions I(-, A(Dy)) and I(-, Ar(s) are equal. As these functions
are continuous it suffices to show the equality on a dense subset of R‘ggl.

Letc=(cy,...,car1) =(C Cq4+1) € Rggl, where c=(cy, ..., ).

Perturbing c a little we may assume that the hyperplane {a e R%*!:(c a)=
l(c, A(Dy) } supports A(Dy) at exactly one point & = (&, &q;+1). Since after a small change
of c the support point remains the same, we can assume, perturbing c again if necessary,
that all ¢; are positive rational numbers.

We will show that
l(c, Arcp) =l(c, A(Dy)). (4)

Multiplying c by the common denominator of cy, ..., 41 we may assume that all ¢; are
integers bigger than or equal to deg f. At this point of the proof we fixed c. Let g(Y) be
the Weierstrass polynomial given by (3). We claim that I(c, Arp) =1((1, Cg+1), A1) and
l(c, A(Dp) =U((1, car1), A(Dg)).
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First equality follows from Corollary 4.3 and the identity (c, ) = ((1, cg11), 7 (@))
for o € R%!,

Let Dp(X, V) =), d, X*V**, where a = (@, ¢g11). As the discriminant commutes
with base change we get by (3) Dy(T, V) =), d, T¢® V%, Since the hyperplane {« €
R (c,a) =l(c, A(Dy)} supports A(Dy) at &, the monomial dy T'¢® ydan gatisfies the
equality (c, &) + Cgr10q+1 =1(c, A(Dy)), while for all other monomials d, T'e® 7o with
dy, # 0 appearing in the sum ), d, T‘¢% V¢ we have (c, &) + Car10a11 > L(c, A(Dy)). Hence
L((1, cat1), A(Dg)) = (c, &) + Car1&a+1 =l(c, A(Dy)).

By Lemma 4.4 Agg = A(Dg) which together with the just proved claim gives (4).

This completes the proof because cis sufficiently general. |

From Theorem 4.1, Corollary 4.3 and Lemma 4.4 we get m(A(Dy)) =n(Arp) =
Arg) = A(Dg), which gives us

Corollary 4.5. Let 7 : R%! — R? be the linear mapping given by (x, x4,1) — ((C, X), Xg11)-
Then wn(A(Dy)) = A(Dy), where f and g are quasi-ordinary Weierstrass polynomials
given by the equations (1) and (3), respectively. O

5 Symmetry of the Tree Model

In this section, we describe symmetries of the tree model associated with a quasi-
ordinary Weierstrass polynomial f(Y).

Let U={weK:0F=1} be the multiplicative group of kth roots of unity.
With every d- tuple €= (61, ..., €q) €U? we associate the K-algebra homomorphism
e KIXE, ... X5 - KIXF, ..., X5N, such that ¢.(XF)=eXF for i=1,....d. Since
O (X)) =€; kX; = X;, the homomorphism . is the identity on K[[X]]. For every ¢, w € U% we
have ¢, o ¢, = ¢¢.,, Where the product € - w is componentwise. Hence the star operation
€ x Y (X) = ¢ (¥ (X)) is an action of the group U% on K[[X%, e Xfl]].

Ify(X) = de(l/k)Nd CuX* then € x Y(X) = de(l/k)Nd Cgﬁkg)_(g-

We will show that the star operation permutes the set Zer f and is transitive on
Zer f providing f(Y) is irreducible in K[[X]][Y]. Moreover, it preserves the contact.

To be more precise, we have

Property 5.1.

(i) € Zerf=_Zerf for every e € U4
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(ii) If £(Y)is irreducible in K[[X]I[Y] then Zer f = U% % Y; for every Y; € Zer f.
(i) O(Y%,Y)=0(ecxY,exY)) foreveryec U%andi# j. O

Proof. Fix ¢ € U% The homomorphism ¢, naturally extends to the homomorphism &, :
KILXF, ..., XEY]— KIXF, ... X:N[Y). Acting by &, on £(¥) = [I,[Y — % we get £(¥) =
D (f(V) =[],V — ¢ (¥;)] which proves (i).

Fix V;eZerf and let fi(¥)=[]yyeyey[Y — Y(X)]. For every ecU? we have
& (fi(Y)) = fi(Y). Since the action of U? on fi(Y) is trivial the polynomial £ (Y) has
coefficients in the ring K[[X]]. Because U%x Y; C Zer f all roots of fi(Y) are the roots of
f(Y). Assuming that f(Y) is irreducible in K[[X]][Y], we get fi(Y) = f(Y) which proves (ii).

Statement (iii) follows directly from the definition of the star action. |

For every € € U? the mapping Zer f>Y; — € x Y; € Zer f preserves contacts. Let
B={Y;,,..., Y.} be a bar of T(f). Then e x B={e*Y;,,...,e*x Y} is also a bar of T(f)
of the same height. Thus U? x T(f) > (¢, B) — € * B € T(f) is an action of the group U¢
on T(f) which for each fixed € yields a symmetry of T( f) preserving heights.

Every bar € x B will be called conjugate to B. Further in this section we count
the number of conjugates of B € T(f). To this aim we employ the theory of dual groups.

Let C be a cyclic group of order k and let G be a finite commutative group such
that kg = 0 for every g € G. Recall that the dual of G, denoted G*, is the group of homo-
morphisms from G to C. The main theorem of dual groups states that G* is isomorphic
to G.

Let A, A' be commutative groups. The mapping Ax A - C, (x,x) — (x,x) is
called a pairing if for every x' € A’ the mapping ¢x = (-, ¥') is a homomorphism of A
to C and for every x € A the mapping ¥y = (x, -) is a homomorphism of A  to C.

For every ac A and a’ € A’ we introduce the orthogonal relation a L @' if and only
if (a, @) is the identity element of C. For every set B C A we denote by B+ the set {x' € A':
b 1 x for all b € B}. We make a similar definition of (B')* for B’ C A'.

Theorem 5.2 ([20, Chapter 1, Theorem 9.2, p. 49]). Let Ax A — C be a pairing of two
abelian groups into a finite cyclic group C. Assume that A’ is finite. Then A’/ A" is iso-
morphic to the dual group of A/(4)* . O

Corollary 5.3. Let Ax A'— C be a pairing of two abelian groups into a finite cyclic
group C. Assume that 4 is finite. If M, N are subgroups of A such that A~ c N c M then
[M: N]=[N': M1 O
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Proof. First, we will show that (N1 =N.

Let ae A\ N. Then there exists a’ € N* such that a [ @'. Indeed, if this is not the
case then N' = Ni-, where I, is the group generated by N U {a}. By Theorem 5.2 the group
A'/N+ = A'/Ni- would be dual of N/(A)* and of N;/(A)* which is impossible because
these groups have different number of elements since the coset of a belongs to Ny /(A")*
but not to N/(A)*. This shows that a¢ (N1+)'. Since a is an arbitrary element of A\ N,
we have (N1)* C N.

Let ac N. Then for every @ € N* we have a | @. Consequently a e (N+)* which
gives N C (N1)*. The first part of the proof is finished.

It follows from Theorem 5.2 applied to the pairing M x N* — C that N*+/M* is
the dual of M/(N+)! = M/N. Since a finite abelian group is isomorphic to its dual, we
get [M: N1=[N*: M*]. [ ]

Let B’ be a postbar of B € T(f). Since all ¥; € B’ belong to the same equivalence
class mod h(B)™, they have the same term of exponent h(B). Let ¢ be the coefficient of
such a term. Following [19] we write B 1. B’ and say that B’ is supported at c on B. It is

obvious that different postbars of B are supported at different points.

Definition 5.4. Let Byl By L¢ -+ Ls , Br—1 Lg , B-= B be a sequence of bars of T(f),
where By is the bar of the lowest height in T(f). Let H(B) ={h(B;): ¢ #0, 0<i<r-—1}=
{h1, ..., hs}. Then we call the lattice N(B) = Z% + Zh, + - - - + Zh, the characteristic lattice
of B. O

Note that if ¥(X) is any element of B then H(B) consist of such heights h(B;),
0 <i<r—1, that X*®) appears in Y(X) with nonzero coefficient.

Consider the pairing (1/k)Z2% x U%> (1, €) — €¥ € U. Directly from the definition
it follows that for € € U% and 1 € (1/k)N? holds € « X* = X* if and only if A L €. It is easy
to check that (U%)+ = z¢.

Theorem 5.5. Every B € T(f) has [N(B) : Z% conjugates.
LetB1l.B'.

1. If ¢c#0 then there are n(B) =[N(B) + Zh(B) : N(B)] postbars of B conjugate
with B’.
2. If c=0 then there are no postbars of B conjugate with B’, expect B’ itself. [
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Proof. Given ¥; € B and ¢ € U¢ the contact between ¥; and ¢ * ¥; is bigger than or equal
to h(B) if and only if h L € for every he H(B), since otherwise the monomial X" would
appear in the difference ¢ * ¥; — ¥; with nonzero coefficient. It follows that € x B =B if
and only if € € N(B)*. Thus, the stabilizer of B under the action of U?is the group N(B)".
By the orbit stabilizer theorem and Corollary 5.3 the set U% « B has [U%: N(B)*]1=[N(B):
Z9 elements which proves the first part of the theorem.

Let B’ be a postbar of B. Then € % B’ is a postbar of B if and only if € x B = B.
Thus the set of postbars of B which are conjugate to B’ is equal to N(B)! * B’. By the
just proven part of the theorem N(B’)* is the stabilizer of B’ under the action of U<
By the orbit stabilizer theorem and Corollary 5.3, the number of elements of N(B)* % B’
equals [N(B)* : N(B)*]1=[N(B’): N(B)].

Assume that ¢# 0. Then [N(B’): N(B)| =[N(B) + Zh(B) : N(B)].

Now, suppose that c=0. Since N(B’) = N(B), we get [N(B’) : N(B)] =1, hence the

set of postbars of B conjugate to B’ has one element. |

Corollary 5.6. If B € T(f) has n(B) postbars then all of them are conjugate and they are

supported at nonzero numbers. O

6 The Tree Model of an Irreducible Polynomial

Let f(Y) € K[[X]I[Y] be an irreducible quasi-ordinary Weierstrass polynomial. By Prop-
erty 5.1 the action of U? on Zer f is transitive. This implies that for fixed ¥;, the set of
contacts {O(Y}, ¥;) : j #1i} does not depend on the choice of ¥; e Zer f. If {O(Y;, ¥}) : j# i} =
{hi1, ..., hy}, where hy < hy <--- < hg then hy, hy, ..., hy is called the sequence of charac-
teristic exponents of f(Y). The next lemma is in [23, Remarks 5.8, p. 57] but we give the

proof for convenience of the reader.

Lemma 6.1. A finite sequence hi, hy, ..., hy of elements from Ogo is a sequence
of characteristic exponents of an irreducible quasi-ordinary Weierstrass polynomial
f(Y) eKIlX;, ..., X4lllY] if and only if

(C1) hy<hy<---<hgand
(C2) h&Ni_:=2%+2Zh +---+2Zh_, fori=1,...,g,

where Ny = z2%. O

Proof. Let f(Y) be an irreducible quasi-ordinary Weierstrass polynomial. Without loss

of generality we may assume that all roots of f(Y) belong to KI[XT, ..., X51l. Let ¥; be
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a fixed root of f(Y) and let hy, hy, ..., hy be the sequence of its characteristic expo-
nents. All roots of f(Y) are conjugate by the action of U?. Hence, by the definition of
a sequence of characteristic exponents, for every i € {1, ..., g} there exists ¢; € U? such
that h; = O(g; * Y1, Y1). This shows that all monomials XM appear in Y; with nonzero
coefficients. Moreover ¢, X" =x"for1<j<iand €; % X" £ X" We get €; € (N;_1)* and
gfhi¢1,hencem¢l\7i,1 fori=1,...,q.

Now, assume that a sequence hy, hy, ..., hy satisfies conditions (C1) and (C2). Let
Yi :=)_(h1 4. —i—)_{hg. Clearly v; € K[[X%, ...,Xc’ll‘]] for some k> 0. Let {V7, ..., Y;,} be the set
of conjugates of ¥; by the action of U?, where U = {w € K: w*=1}. Consider the polyno-
mial f(X)=[]",(Y — Y). As in the proof of Property 5.1 we show that f(Y) is a polyno-
mial with coefficients in the ring K[[X]] and that is irreducible over this ring.

Condition (C1) implies that the difference of any two roots of f(Y) has a form
w(X) X", where w(0) #0 and 1 <l < g. Thus the discriminant of f(Y), being the product
of differences of the roots, equals X7' - -- Xgu(X), where o; € N and w(X) is a unity in
K[[X]]. This shows that f(Y) is quasi-ordinary.

By Condition (C2) we get No C N; € ---C N, and consequently U%= N;- 2 Nt D
.- 2N} Take ¢ e U% If € € N |\N}* then O(e Yy, ¥;) =h; and if € € N then e « ¥; = V).

Thus hy, hy, ..., hy is the sequence of characteristic exponents of f(Y). |

Now we show that the tree model of an irreducible quasi-ordinary Weierstrass

polynomial f(Y) depends only on its sequence of characteristic exponents.

Theorem 6.2. Let f(Y) € K[[X]][Y] be an irreducible quasi-ordinary Weierstrass polyno-
mial and let hy, hy, ..., by be the sequence of its characteristic exponents. Let Ny =z4
and N; =Z2%+ Zh; +---+Zh; fori=1,..., g. Then the tree model T(f) is characterized

by two properties:

(i) the set of the heights of bars of T(f) is {hu, ..., hg, hg1}, where hg; = o0,
(ii) every bar of height h; has [N; : N;_;] postbars and all of them have the height
hiyp fori=1,...,g. O

Proof. Part (i) follows directly from the definition of the sequence of characteristic
exponents. Moreover, since the action of U? on Zer f is transitive, every bar of height
h; has only postbars of height h;,,, for i=1,...,g and all bars of a fixed height are
conjugate.

Let B € T(f). To prove part (ii) observe that if h(B) =h; then N(B)= N;_; since

the monomials X" for 1 <i < g appear with nonzero coefficients in every Y(X) € Zer f.
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Applying part (ii) of Theorem 5.5 to B we see that B has [IV; : N;_;] postbars conjugate
with a given postbar B’ of B. This completes the proof. |

A tree model T satisfying conditions (i), (ii) of Theorem 6.2 will be called the tree
Oftype (hlv h27 LIRS hg)

Theorem 6.3. If the tree model of a quasi-ordinary Weierstrass polynomial f(Y)e
KI[XIIY] is of type (hi, hy,..., hg) then f(Y) is irreducible and hi, hy,..., hy is the

sequence of its characteristic exponents. O

Proof. By conditions (i) and (ii) the tree T(f) has [Ny: Ny_;]-[Ny_;: Ny_p]---[N;: Nol =
[N, : Z9 bars of infinite height.

The bar B of T(f) of the lowest height h(B) = h; has at least two postbars. Let
us choose one of them, B’, which is supported at a nonzero number. Taking a similar
choice of a postbar of B’ and continuing this procedure g — 1-times we arrive at a bar B
of infinite height. It is clear that N(B) = Ny. By Theorem 5.5 the number of conjugates of
B equals [N, : Z9.

Thus all bars of infinite height are conjugate. It follows that all the roots of f(Y)
are conjugate by the action of U%. Thus f(Y) is irreducible in K[[X]I[Y]. |

7 Irreducibility Criterion

In this section, we consider two Weierstrass polynomials p(Y) and f(Y) such that
A(Dp) = A(Dy). We prove that p(Y) is an irreducible quasi-ordinary polynomial if and
only if f(Y) is also.

Theorem 7.1. Let f(Y), p(Y) € K[[X]][Y] be quasi-ordinary Weierstrass polynomials such
that A(Dy) = A(Dp). Assume that f(Y) is irreducible. Then p(Y) is irreducible and the

sequences of characteristic exponents of f(Y) and p(Y) are equal. O

Proof. Let h;,...,hy be the sequence of characteristic exponents of f(Y). By
Theorem 6.2 the tree model T(f) is of type (h, ..., hy). By Theorem 6.3 it is enough
to show that T'(p) is also a tree of type (hi, ..., hy).

First, we will show that the polynomials f(Y) and p(Y) have the same degree. If
f(Y)=Y"+aq Y ! +... +a, then Discry(f(Y) — V) = V"' +d, V"% + ... + d,_1, where
dp = (—1)™2@-D/2pn (gee [25, Lemma 2.1]). It follows that (0, degy f(Y) — 1) is the point
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of the intersection of A(Dy) with the vertical axis having the smallest last coordinate.
Thus the equality of the Newton polytopes A(Dy) and A(D,) gives deg f(Y) = deg p(Y).

Now, let us compute recursively the d-tuples q(B) for B € T(f). Under the nota-
tions of Theorem 6.2 we set ng =1 and n;=[N;: N;_;] fori =1, ..., g. By the symmetry of
T(f) every bar B of height h;, where 1 <i<g, has ny---n;_; conjugates. Moreover, by
Definition 3.1 g(B) is constant on the bars of the same height; we denote g; := q(B) for
such B € T(f) that h(B) = h;. We have

Q1 =mny ---nghy,
(5)
G=q_1+mn---nglhy—h_) fori=2,...,g.
Hence
[ g mii (s — D
D=2 T D) | (6)
i=1
By (2)
t(B) — 1)q(B
Arp = Z { ((tzB)—)C{( ) } (7)

BeT(p)

Using the assumption A(Dy) = A(D,) and Theorem 4.1 we see that polytopes
given by (6) and (7) are equal. Hence {q(B) : Be T(p)} ={q, ..., qq} U {00}

Let H;={BeT(p):q(B)=gq;}fori=1,..., g. We will show, by induction on i, that
the set H; has ngy - - - n;_; elements, the elements of H; are conjugate and form a partition
of Zerp. Moreover, for every B € H; we have h(B) = h;, N(B) = N;_; and B has n; postbars
which are conjugate.

Let By =Zerp be the bar of the tree model T(p) of the minimal height. Clearly
q(Bo) =q1 and H; ={Bo}. Since By has deg p(Y) =deg f(Y)=mn; ---ny elements we get
from (5) and the formula for g(Bg) (see Definition 3.1) the equality h(Bgy) = h;.

Since Ag(p = Arp we get from (6) and (7) the equality

{ (t(Bo) — 1)q(Bo) } _ { (m — Daqy }
t(B()) -1 - n —1 :

Hence B, has n; postbars. Since N(By) = Z%, we get n(By) = [N(Bo) + Zh; : N(By)] =
[V; : Nyl = n; and by Corollary 5.6 all the postbars of By are conjugate.
Assume that the set H; has the desired properties. We will prove them for H;,;.
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Since q(B) < q(B’) for B L B, all the elements of H;,; are postbars of the elements
of H;. By the inductive hypothesis all the postbars of the elements of H; are conjugate
under the action of U% Hence all of them have the same height and H;;, ={B € T(p):
B 1 B’, B € H; }. Since every B € H; has n; postbars, by Corollary 5.6 every postbar B’ of B
is supported at a nonzero number and N(B') = N(B) + Zh; = N;. The set H;;; hasng---m;
elements, H;,; is a partition of Zerp, and every B’ € H;;, has n;; - - - ny elements.

Since the polytopes given in (6) and (7) are equal, we get

Mo-- MMy —1)Giy1 | _ t(B)—1DgB) | [.(#(B)—1)q(B)
{710"'7'1i(ni+l_1) }_Z{ t(B) — 1 }—”0 m{ 2B —1 }

BeHip
where B’ is a fixed element of H;,;. Consequently B’ has n;,; postbars.
By Definition 3.1 we have q(B’) = q(B) + #B’(h(B’) — h(B)) for B L B’. If B € H; and
B’ € H,,, this gives us g;41 = q; + (11 - - - ng) (R(B’) — h;). Using formula (5) we get h(B’) =
hi1.
Once we know the height h(B’) we also know that n(B’) = [N;4; : N;] =n;,1. Hence
by Corollary 5.6 B’ has n;;; postbars and all of them are conjugate. [ |

8 Arithmetical Test of Irreducibility

In this section, we consider Newton polytopes A:Zig:l{%} cR%!, where Ll <

1 1 : .
ELZ << EL-‘?' We associate to A the sequences:

l. Hy=1,H=1+M+---+Mforie(l,...,g},
2. )/i=Hﬂ"/I—’ilLiforie{l,...,g}

and the sequence of lattices Wj =HgZd+ Zyy+---+ 2y;, for i €{0, ..., g}. We say that
A is an I-polytope if and only if [W;: W;_1]1=H;/H; , for i € {1, ..., g}. Note that the I-
polytopes for d=1 are called Merle polygons in [11].

The reader interested in computing the indices [W; : W;_,], in an effective way, is
encouraged to read Section (5.9) (p. 57) of [23]. For the convenience of the reader we prove
this result in Appendix.

Theorem 7.1 allows us to present an arithmetical test of irreducibility for quasi-

ordinary Weierstrass polynomials.

Theorem 8.1. Let feK[[Xi,..., X4ll[Y] be a Weierstrass polynomial. Then f is irre-
ducible and quasi-ordinary if and only if A(Dy) is an I-polytope. O
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Proof. Let fbe anirreducible quasi-ordinary Weierstrass polynomial and let b, ..., hy
be the sequence of its characteristic exponents. By Lemma 6.1 the numbers n; =[IV; :
N;_,], where N; =Z%¢ + Zh, + - - - + Zh;, are bigger than 1 fori=1,..., g. Consider an aux-

iliary sequence y1, ..., ¥4 given by recurrence relations

)71 :hl,
J;iszl);ifl—i_h’i_hifl fori=2,...,g.

Let n=n, --- ny and let y; = ny;. Then it follows from (5) and (6) that

A _i (i — Ly; o)
-2 IECERCETCES VI

Let L; and M; denote the numerator and the denominator of the ith term of (9). It

is easy to show by induction that H;:=1+ M; +---+ Mj=n; ---m; fori=1, ..., g. Hence
yi=(H;_y/M;)L; fori=1,...,g.

It follows from (8) that N;=2Z%+Zh  +---+Zhj=2%+Zj, +---+ Z7;. Since
Hy=nand y;=ny; fori=1,...,g, we get W;=nN; for i =0, ..., g. This gives the arith-
metic conditions [W;: W;_1]1=I[N;: N;_;l=m=H;/H; , fori=1,...,g.

It remains to show that MLILI < MLZLZ << MLng. Each inequality (1/M;_,)L;_, <
(1/M;)L; can be written in equivalent form n;_;y;_; <y; which by (8) is equivalent to
h;_1 < h;. Since characteristic exponents form an increasing sequence, this part of the
proof is finished.

We proved that Ag(s), which is the Newton polytope of Dy, is an I-polytope.

Now, assume that A(Dp)=>7, {Lﬁl} is an I-polytope. Let m; = H;/H;_; for
i=1,...9. Then n; are integers bigger than 1 and H;=mn;---nm; fori=1,...,g. We get
Mi=H;—Hi_y=m---n_1(n—1)and L; = (M;/H; 1)y;=(m — Dy fori=1,...,g.

Letn=mn;---ngandlety; = (1/my;fori =1, ..., g. This time we use the recurrence
relations (8) to define the sequence hy, ..., hy. As in the first part of the proof we can show
that if N;=2Z%+ Zhy + --- + Zh; then W, =nbj;. This gives [N;: Ny 1=[W;: W;_1]l=mn; > 1
fori=1,...,g. Therefore, No CN; C---C N,.

Again, as in the first part of the proof, we show that the inequalities
MLILI < MLZLZ << Ming are equivalent to the inequalities h; <hy <--- <hy. We have
shown that hi,..., hy is a sequence of characteristic exponents of some irreducible
quasi-ordinary Weierstrass polynomial fi. By construction of this sequence and by (9)
we get Ar(s) = Ar(s. Hence by Theorem 7.1 f is an irreducible quasi-ordinary Weier-

strass polynomial. |
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Kiyek and Micus [17] introduced the semigroup of an irreducible quasi-ordinary
hypersurface f(Y)=0. Later, Gonzalez Pérez and Popescu-Pampu introduced again the
semigroup in their thesis [13, 26], using different but equivalent definitions. This is
the semigroup deg fzgo + Z>oy1 + -+ Z>oyy, Where y1, ..., ¥y is the sequence defined
in Theorem 8.1.

Since the Newton polytope A(Dy), for an irreducible quasi-ordinary polynomial
f(Y), determines its semigroup, it also determines the sequence of characteristic expo-
nents (see [13, 26]). Observe that the proof of Theorem 7.1 gives us the sequence of char-

acteristic exponents by using the equalities (8).

Example 8.2 ([2, Example 1]). Consider fi(¥)=Y®-2X1X,V* + X?X? — X3 X7 eKI[X,,
X,]1[Y]. We get D g (X1, Xo, V) = —16777216(V — X2X2 + X3 X*)3(V + X3 X2)%, so

ADj)=3 {(212)} +4{ (3,12) } _ {(656)} N {(124,8)}‘

We get Hy=1, H1 =4, H, =8, y1 =(2,2), and y, = (12, 8). We have [W; : Mpl =4 =
H,/Hy and [W; : Wh] =2 = H,/H,;, and we deduce that fj is irreducible. O

Example 8.3 ([2, Example 2]). Consider f4(Y)=Y® —2X1X,Y* + X?X2 — X1X? - X3X5 €
KI[X;, X,l[Y]. We get Dg(Xy, Xz, V)=—16777216(V — X2X% + XtX2 + X2 X3)3(V +
X1X2 + X2X3)*, so

s [ 2] 5 252

We get Hy=1, H =4, H, =8, y1 =(2,2), and y, = (16, 8). We have [W; : W] =4 =
H,/Hy but [W, : W] =1 +# 2= H,/H;, and we deduce that f; is not irreducible. O

Example 8.4. This is Example 3 in [2]. (There is a typo in the equation of this
example in [2]. Assi communicated to us the right equation of this example.) Con-
sider f3(Y) =Y® — 2X1 X, V* + X3 X% — X3 X5 e K[[ X1, X2]I[Y]. We get Dy, = —16777216(V +
X2X2 - X3X2+ X3 XMV — X3X2 + X3X3)3, so

A(Dy) =4 {(2’12)} 43 {(31 2)} _ {(848)} . {(9,36)} .

We get Hy =1, H; =5, H, = 8. Thus H,/H, is not an integer number, so [WW, : ;] #
H,/H; and we deduce that f; is not irreducible. O
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Remark 8.5. In general A(Dy) does not determine T(f) as shown in [6] and [21, Propo-
sition 2.2]. But in the above examples it does. To obtain the tree models it is enough to
remember that A(Dy) = Ays and use Definition 3.1 and Theorem 5.5. The appropriate

tree models with indicated heights of bars are drawn below:

L1

(39 (49 ()
(3.9 (39 (3.9
O
T(f) T(f) T(f)

9 Discriminant of a Y-Regular Power Series

In this section, we generalize the notion of the discriminant D ¢(X, V), which was previ-
ously defined for Weierstrass polynomials, to an arbitrary Y-regular power series.

We say that a power series f(X,Y) e K[[X, Y]] is Y-regular of order nif f(0,Y)=
cY"™ + higher order terms with c# 0.

Assume that feK[[X, Y]] is Y-regular of order n. By Weierstrass preparation
theorem for every g < K[[X, Y, V]| there exist a unique g €KI[[X,Y, V]l and ap,...,a, 1 €
K[[X, V]] such that

n—1
g=(f-V)q+) aY.
i=0
It follows that the quotient ring A=XKI[[X, Y, V1I/(f — V) is a free K[[X, V]]-module
which admits the basis 1, Y, ..., Y*!, where Y is the coset of Y in A. Let @,: A— Abe the
K[[X, V]l-endomorphism induced by the multiplication K[[X, Y, V]l> h— gh<KI[[X, Y, V]I.
We put by definition D¢(X, V) =det ® i

Property 9.1.

(i) If f(X,Y) is a Weierstrass polynomial in the variable Y then D¢(X, V) is
equal to Dy(X, V).
(ii) Dg(X, V) belongs to theideal I =(f -V a—f)K[[}_(, Y, V1. Moreover, the radi-

Y
cals of the ideals (D p)KI[X, V]l and I NKI[[X, V]| are the same.
(iii) Let g(T,Y)= f(T*,...,T%, Y). Then Dy(T, V) =D s(T“, ..., T% V).

(iv) If f(X,Y)eKI[X, Y]] is a Y-regular power series in two variables and
g—{:(X, Y)=ulX,Y) ]_[:l:_ll[Y — Y(X)] is a Newton-Puiseux factorization of
its partial derivative then Dy(X, V) =u/(X, V) ]_[?;lllf(X, Y; (X)) — V] where
U (X, V) is a unity in K[[X, V]I.
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Proof.

()

(i)

(ii)

(iii)

(iv)

If f(X,Y)eC{X,Y} then Dg(u,v) =0 is an equation of the discriminant
curve of the holomorphic mapping germ (G2, 0) — (G2, 0), (u, v) = (x, f(x, y))

in the sense of Casas-Alvero [5]. O

Let n be the Y-degree of f. Then the Y-discriminant of f— V is the deter-
minant of the matrix of Py with respect to the basis 1, V,..., Y*! (see [3,
Appendix D.3.6]).

The mapping @ := Py induces the exact sequence
A% A KIX, Y, VI/I —> 0.

By definition (see [15, Section 7.2]), (D p)KILX, V1] is the Oth Fitting ideal of
the K[[X, V]l-module K[[X, Y, V1I/I. On the other hand, I NK[[X, V]] is the
annihilator of K[[X, Y, V]]/I. By Proposition 20.7 of [7, p. 494] (see also [15,
Exercise 7.2.5, p. 388]), we get the equality of the radicals.

Suppose that fis Y-regular of order n. If

9 n-l .
yl_f = Zmij(xl, WX, MY+ (XY, (X, Y) - V)
Y =

then
. g n-l .
Vi = S (T T VY 4 B(TC, Y, V)(G(T. ) — V),
j=0
These relations, for i=0,...,n—1, imply that Dg(T%,...,T% V)=
det(m;j(T%, ..., T%, V)nxn) is equal to Dy(T, V).
Suppose that ¥;(X) are power series fori=1,...,n— 1. Since @4, = P40 Py,

we get Dp(X, V)=det Py = det @yx.v) [1/=) det Py_y(x). Moreover det®, -
det @,-1 =det(id) = 1. The substitution of ¥;(X) for Y determines an iso-
morphism between the K[X, V]-modules K[[X, Y, VII/(f(X,Y) — V, Y — ¥ (X))
and K[[X, V1I/(f(X, ¥;(X)) — V). Hence the ideal generated by det ®y_y. (x),
which is the O-Fitting ideal of both modules, is equal to (f(X, ¥;(X)) —
V)KI[X, V1]. The proof in this case is finished.

Let us consider the general situation. There exists a natural num-
ber m such that g—{;(T”‘, Y)=wT™, V) []/Z, (Y — ¥(T™)) is a factorization
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in KI[[T, Yll. Using (iii) and applying (iv), in the case proved before, to
g(T,Y):= f(T™,Y) we get
n—1
Df(T™, V) =Dgy(T, V) =u(T, V) H(f(T’", Yi(T™)) = V). (10)
i=1

By definition D #(T™, V) e KI[[T™, VI]]. Denote by P(T, V) the product
]_[?;ll(f(Tm, Y;(T™)) — V) appearing in (10). Let ¢ € K be an mth primitive
root of unity. Since Y;(T™) — Y;((¢T)™) is a permutation of the roots of
the derivative of g, we have P(¢T, V) = P(T, V), and consequently P(T, V)
KIT™, V1.

We claim that v/(T, V) =u'(T™, V) for some u’ € K[[X, V]]. Indeed
substituting €T for T in (10) we get U/(eT, V) =u/(T, V) which shows that
U(T, V) €K[[T™, VII. We get D (X, V) = ' (X, V) [[15; (f(X, %i(X)) — V).

(v) The formula in (iv) determines the equation of the discriminant curve in the

sense of Casas-Alvero (see [11, Lemma 5.4] in Appendix). |

Remark that D¢(X, V) extends, in a natural way, the definition of D (X, V).

Theorem 9.2. Let fi(X,Y) € KI[[X]I[Y] be a Weierstrass polynomial and let f;(X,Y)=
wX,Y) fi(X,Y), where w(X,Y) is a unit in K[[X, Y]]. Then the Newton polytopes of Dy

and Dy, are equal. O
Proof. Consider the substitution g;(T,Y)= fi(T®,...,T%,Y) for i=1, 2. Later on we
assume that ¢c; > deg fi for j=1,...,d.

By item (i) of Property 9.1 we have Dy, = D5 and Dy = D, . By Corollary 5.3 in [10]
and Property 9.1(v) we get A(Dy,) = A(Dg,). In [10] the above equality was proved in the
convergent power series case. Anyway the methods in [10] also work for formal power
series.

We finish the proof proceeding as in the proof of Theorem 4.1 replacing A(Dy)
by A(Dg), A(Dy) by A(Dg,), Ar(s) by ADy), and Az by A(Dy,). The only difference is
that we need to choose a vector c=(cy, ..., C4, C4+1) more carefully to assure that the
hyperplanes H; = {xe R%!: (c, x) =1(c, A(Dy))} support the Newton polyhedra A(Dg) at

exactly one point, fori=1, 2. [ |

Corollary 9.3. Let w(Y) be the Weierstrass polynomial of a Y-regular power series

feXKIX, ..., Xg, Y]l. Then the following conditions are equivalent:
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(i) the polynomial w(Y) is quasi-ordinary,
(ii) the polytope A(D,) NR% x {0} has only one vertex,
(iii) the polytope A(Ds) NR? x {0} has only one vertex,
(iv) Dg(X, 0)=u(X) - monomial, where u(0) # 0. O

Proof. The Newton polytope of a series heK[[X]] has only one vertex if and only if
h has a form w(X) - monomial, where w(0)+#0. Since A(D,)NR? x {0} is the Newton
polytope of D, (X, 0) and likewise A(Dy) N R? x {0} is the Newton polytope of Ds(X,0),
we get equivalences (i)« (ii) and (iii)<(iv). The equivalence (ii)«(iii) follows from
Theorem 9.2. |

We call a Y-regular power series f quasi-ordinary if it satisfies any of equiva-
lent conditions (i)—(iv) of Corollary 9.3. We follow here Lipman who used (i) in [23] as a
definition of quasi-ordinary convergent power series with complex coefficients.

Using Theorem 9.2 we may generalize main results of this paper, that is:
Theorem 4.1, Corollary 4.5, Theorems 7.1 and 8.1, to Y-regular quasi-ordinary power

series.
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Appendix A. Computing Indices

Let M C N be lattices in Z¢, that is, additive subgroups of Z%. In this appendix, we recall
a method of computing the index of M in N. By definition the index [N : M] is the cardi-
nality of the quotient group N/M. Since [Z¢: N]- [N : M] = [Z¢: M] it is enough to compute

[z¢: M] and [Z%: N]. The next theorem says how to do it by means of determinants.

Theorem A.1. Let M =Zv; +--- + Zv, be a sub-lattice of Z¢ of finite index. Then [Z2¢:
M] is the greatest common divisor of minors of maximal size of the matrix build from

vectors vy, ..., Up. O

Proof. Let ¢:Z"— Z%be a group homomorphism given by ¢(my, ..., my) =mqv, +--- +

myvy. Since every abelian group can be considered as a Z module, this homomorphism
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induces the exact sequence of Z modules
720 %74 5 74/ M 0,

As in linear algebra we can associate with the mapping ¢ the matrix A, whose
columns are the vectors vy, ..., v,. The ideal generated in Z by the minors of maximal
size of A, is by definition the Oth Fitting ideal of the Z module Z4/ M.

To complete the proof it is enough to show a general statement: for every finite
abelian group B, treated as a Z module, the number of elements of B is the generator of
the Oth Fitting ideal of B.

By the structure theorem for finitely generated abelian groups, B is isomorphic
to the direct sum Z/q:1Z @ - - - ® Z/qsZ for some qy, ..., gs € Z. Thus B, treated as a Z mod-

ule, allows a finite presentation
S ¢ S
Z°—>7Z°—->B—0

where ¢(ny, ..., 1) = (qi1u, ..., gsNs). Since A, is a square matrix, its determinant is the
only minor of the maximal size. Thus the Oth Fitting ideal of B is generated by det A,.
Notice that the determinant of a diagonal matrix Ay is equal to the product g; - - - gs which
is the cardinality of B. |
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