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In this paper, we introduce a distinguished expression for a given 1-form with respect to
a polynomial f € C{x}[y], called Weierstrass form. We will use this form and the prop-
erties of plane analytical curves to give new characterizations of nondicritical generalized
curve foliations.
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1. Introduction

The Weierstrass Division Theorem (WDT) is a powerful tool in the singularity
theory, particularly for the study of analytical plane curves. In this case, the WDT
allows us to define any plane curve by a polynomial in C{z}[y]. In this paper,
using the WDT, we introduce, in Definition 2] the notion of Weierstrass form of
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any l-form W € Q}CQ,O, or shortly Weierstrass 1-form of W, with respect to any
polynomial f € C{z}[y] with a unit as principal coefficient.

Ql,
f € C{z}[y], we can obtain a polynomial representative w of @, that is, w =
A(x,y)dz + B(z,y)dy € C{z}[yldr + C{z}[y]dy satisfying deg, A < deg, f and
deg, B < deg, f — 1.

Since a foliation in (C2,0) can be defined by 1-forms, we consider that the notion
of Weierstrass 1-form may be interesting in the future for foliation studies. Example
of this is Proposition [L.3] where given f € C{x}[y] with ordf = deg,(f), principal
coefficient a unit in C{z} and considering the Weierstrass form of W & Q}CQ,O
(defining a non-dicritical foliation) with respect to f, we give sufficient conditions
when f is the equation of the union of separatrices of the foliation determined
by W.

In the study of holomorphic foliations to determine topological information is an
important and a non trivial task. A special class of foliations gives some information

Given any element @ in the Kahler differential module where

about this problem: the generalized curve foliations. A foliation is said generalized
curve if no saddle-nodes appear in its desingularization process. Moreover, a nondi-
crital generalized curve foliation and the union of its separatrices have the same
process of reduction of singularities (see [3, Theorem 2]).

Firstly we characterize, in Theorem [3.4] the nondicrital generalized curved folia-
tions with monomial separatrix using toric resolution, the prenormal form given by
Loray (see [10, p. 157]) and the notion of weighted order associated with a foliation
and a curve (see Definition B1l). This allows us to give, in Corollary[B.6], the condi-
tion in order that a foliation of second type becomes a generalized curve foliation
following [6, Theorem 1.2(b)].

In [2], Brunella stabilized relations among the Baum-Bott, Camacho-Sad and
Gomez-Mont-Seade-Verjovsky indices associated to one foliation. He proved that
if the foliation is generalized curve then the Baum-Bott and Camacho-Sad indices
are equal and the Gémez-Mont-Seade-Verjovsky index is zero.

In Proposition (.3} we characterize the nondicritical generalized curve foliations
by means of the polars of the foliation and its union of separatrices.

Using this result and the Weierstrass form of a 1-form W, in Theorem [£.4] we
obtain two conditions: one necessary and one sufficient in order to W defines a
generalized curve foliation.

In Theorem B.IT] we will give a characterization for nondicritical generalized
curve foliations with a single separatrix by means of the Weierstrass forms. More-
over, in Corollary [0.12] when the separatrix has genus one we present a characteri-
zation in terms of the weighted order.

2. Preliminaries

Let f(x,y) be a non unit of the ring of convergent power series C{xz,y}. A plane
curve C: {f(x,y) = 0} is by definition the zero set determined by f(x,y) € C{z,y}.
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The curve C is irreducible (respectively, reduced) if f is irreducible in C{z,y}
(respectively, f has no multiple factors). An irreducible plane curve is called branch.
The multiplicity of C, denoted by mult C, is by definition the order of the power
series f(x,y), that is mult C' = ordf. Remember that the order of f is the minimum
of degrees of terms of f.

Consider a branch C:{f(z,y) = 0} of multiplicity n. After a change of coor-
dinates we can suppose that 2 = 0 is transversal (not tangent) to C' at 0. From
Newton’s theorem, C admits an expansion with rational exponents y(wl/ ™), such
that f(z,y(z'/™)) = 0. According to Puiseux, the branch C' admits n different
expansions {y;(z'/™)}1<i<n, where y;(z'/") = y(e;2'/") and {e;}1<;<n are the nth
roots of unity in C. We can write f, up to product by a unit in C{z,y}, as the
product

fy) =T —w'™).
i=1
The expansions {y;(z'/™)}1<i<n are called Newton—Puiseuz roots of the branch
C (or equivalently of f). Any Newton-Puiseux root y;(z'/™) is of the form
I

Jjzn

where j € N| ag-i) € C and it determines a parametrization of C as follows:

(i), y:(1) = |7, af¥
jzn
It is well known that if the multiplicity of a branch is bigger than one, then
there exist g € N\{0} and positive integers 3y = n and

B = min{k : a,(f) # 0 and ged(n, B, o, . .., Bk—1) does not divide k},

for 1 < k < g. In the sequel we put ex, = ged(Bo, 51, B2, .-, 0k) for 0 < k < g. We
get eg =n>e1 > - >ey = 1. Set ny := ez;l

The sequence (8o, 81, B2, ..., By) is called the Puiseuxr characteristic exponents
of the branch C' and the number ¢ is called the genus of the branch C. We denote
by K (8o, 81,52, ..., By) the set of plane branches with Puiseux characteristic expo-
nents (8o, 51,52, ..., Bq). It is well known, after Brauner-Zariski, that the charac-
teristic exponents and the topological class of the branch C' are equivalent data.

Let hy(z,y), ha(z,y) € C{z,y} be two power series and I = (hy, he) the ideal
generated by hq, ho € C{x, y}. The intersection number of the curves C; : {h;(z,y) =
0}, 1 <¢<2,isig(hy, ha) := dime C{z, y}/I.

Given f € K(Bo, 1,2, ..,0y) the semigroup I'(f) associated to f is

L(f) ={io(f,h): h e C{a,y}\(f)}-
The semigroup I'(f) admits a unique minimal system of generators, given by
{vo,v1,v2,...,0g}, that is, T(f) = (vo,v1,va,...,v4) = {D> 7o v; oy € N}. Tt is

. In particular, n = By = n1 - - ny.
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a well-known fact that the semigroup I'(f) and the characteristic exponents are
mutually determined. Moreover, we can obtain the minimal system of generators
by the Puiseux characteristic exponents using the relations (see [I9, Theorem 3.9]):

vo=n=L0, vi=m=p, vig1=n0;+PFi1—F fori=1,...,9—1

(1)

Observe that e; = ged(vo, ..., v;) for 0 <i < g.

For any reduced plane curve (not necessary irreducible) C': {f(x,y) = 0}, an
important topological invariant, useful in this paper, is the Milnor number, that is
the intersection number u(f) := i0(fz, fy), where f, (respectively, f;) denotes the
partial derivative of f with respect to y (respectively, x).

By Teissier’s lemma (see [I7, Chap. II, Proposition 1.2]) we have

io(f; fy) = m(f) +io(f, ) — 1. (2)

We also have

io(f, fo) = n(f) +io(fy) — 1. (3)

For more details on plane curves see for example [7] or [I8].

Let Q}CQ,O = C{z,y}dz + C{z,y}dy be the C{z, y}-module of holomorphic 1-
form.

A holomorphic foliation singular at the origin is defined, in a neighbourhood of
the origin, by an equation Fy : {W = 0}, where W is a 1-form W = R(z,y)dz +
S(z,y)dy, with R(z,y),S(z,y) € C{x,y} without common factors and such that
R(0,0) = S(0,0) = 0. The polar of Fyw : {W = 0} with respect the direction
(b: —a) € P! is the curve aR(z,y) + bS(z,y) = 0.

The multiplicity of W is mult (W) := min{ord(R(x,y)),ord(S(z,y))}. More
precisely if mult (W) = no then we can write W = Zi—i—jzno a; jx'yidr +
Zi—i—jzno bi jo'y?dy, and for some 4, j such that i+j = no we get a;; # 0 or b; ; # 0.
The multiplicity of the foliation Fy : {W = 0} is by definition the multiplicity of
the 1-form W.

Let Fw be a singular foliation at the origin. The Jacobian matriz of the linear
part of W is the matrix

7Sz(070) 78?/(070)
R,(0,0)  R,(0,0)/

Denote by A1, A2 its complex eigenvalues. We say that the origin is an irreducible
singularity of Fy if one of the following conditions is satisfied:

(1) MA2 # 0 and 4- ¢ QT,
(2) )\1:Oand)\27é0; or)\Q:Oand)\lyéO.
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If the first condition holds we say that the origin is a simple or non-degenerate
singularity of Fy . Nevertheless if the second condition holds then we say that the
origin is a saddle-node singularity of Fyy .

Example 2.1. If W = y2dz + 2dy then the Jacobian matrix of the linear part of

W is (7(1) 8). Its eigenvalues are —1 y 0, so the origin is a saddle-node singularity
of «7:W .

Let IT: (M, D) — (C2,0) the process of reduction of singularities of the foliation
Fw (see [15]), given by a finite composition of quadratic transformations (blow-ups)
having D = I171(0) as the exceptional divisor, which is a finite union of projective
lines with normal crossings; and where M is a non-singular analytic manifold. There
is a 1-form W’ such that II71(0) - W’ = II*(W) := II*(Fw ). The foliation Fyy is
called the strict transform of Fyy.

A foliation is generalized curve if no saddle-nodes appear in its desingularization.

A branch C:{f(z,y) = 0} is a separatriz of the foliation Fy : {W = 0} if f
divides W Adf. This is equivalent to the existence of a parametrization (z(t), y(t)) of
the branch C' such that R(z(t),y(t))dx(t) + S(x(t),y(t))dy(t) = 0. In [4], Camacho
and Sad prove that any singular foliation in (C2,0) admits a separatrix. Their
proof is based on the desingularization process of the foliation. In Example 2] the
branches x = 0 and y = 0 are separatrices of Fy. According to the number of
separatrices that pass through the singular point of the foliation we can classify the
foliations in dicritical in the case that we have infinite separatrices or nondicritical
when we have a finite number of separatrices. As a consequence of [3, Theorem 1]
we get the following theorem.

Theorem 2.2. Let Fy be a nondicritical foliation with union of separatrices
{f(z,y) =0}. Then mult(W) > ord(f) — 1.

Example 2.3. If W; = nady — mydx with n and m coprime positive integers,
then the branches {z = 0}, {y = 0} and {y" — ca™ = 0}, ¢ # 0 are separatrices of
W1 =0, so the foliation Fyy, is dicritical. Nevertheless if Wo = zdy + ydz then the
foliation Fyy, is nondicritical since its only separatrices are {x = 0} and {y = 0}.

Let C;:{fi(x,y) = 0}, 1 < i < r, be the set of different separatrices of a
nondicritical foliation Fy : {W = 0} and put f(z,y) := fi(x,y)--- fr(z,y). The
reduced curve C':{f(z,y) = 0} will be called the union of the separatrices of the
nondicritical foliation Fyy.

Other important notion we will use is the Newton polygon that we introduce
in the sequel. Let 7' C N2, We consider the convex hull conv(T') of the Minkowski
sum T +R2 ,, where R>( denotes the non-negative real numbers. By definition, the
Newton polygon of T, denoted by NP(T), is the union of the compact edges of the
boundary of conv(T).

The support of a power series f(x,y) = Zi,j a; jx'y’ is supp f :={(i,j) € N? :
a;; # 0}. The support of a foliation Fyw : {W = 0}, where W = R(z,y)dz +
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S(x,y)dy, is the union of the supports of x - R(x,y) and y - S(x,y), and we will
denote it supp W, that is supp W = supp (z - R(z,y)) U supp (y - S(z,y)). The
Newton polygon of a power series f(x,y) € C{x,y} is by definition the Newton
polygon of supp f and we will denote it N'P(f). The Newton polygon of a foliation
Fw is by definition the Newton polygon of supp W, and we will denote it N'P(W).
Observe that the Newton polygon depends on coordinates. Remark that NP (u -
f) = NP(f) for any u, f € C{z,y}, where u is a unit. Hence, we can define the
Newton polygon of the curve C': {f(z,y) = 0} as the Newton polygon of any of its
equations.

Proposition 2.4 ([13, Proposition 3.8]). Let W = R(x,y)dz + S(z,y)dy be a
1-form. If Fw is a nondicritical generalized curve foliation and C:{ f(x,y) = 0} is
its union of separatrices then the Newton polygons of Fy and C' are the same.

Saravia, in her PhD thesis [14] (see also [6], Example 3.3]), shows that the folia-
tion Fy, where W = ((b— 1)ay — y?)dx + (vy — ba?® + zy?)dy, with b ¢ Q, is not a
generalized curve foliation but its Newton polygon equals to the Newton polygon
of its union of separatrices f(z,y) = xy(z — y).

The Milnor number can be also defined in the foliation context. Let
R(z,y),S(z,y) € C{z,y} coprime with R(0,0) = 5(0,0) = 0. Let W = R(z,y)dz+
S(z,y)dy be a 1-form and consider the singular foliation at the origin Fy. The Mil-
nor number at the origin of the foliation Fyw is u(Fw) = io(R(z,y), S(z,v)).

By [3l Theorem 4] we have the following characterization of nondicritical gen-
eralized curve foliations using Milnor numbers.

Theorem 2.5. Let W = R(z,y)dx + S(x,y)dy be a 1-form. Suppose that Fy is a
nondicritical generalized curve foliation and C:{f(x,y) = 0} is its union of sepa-
ratrices. Then p(Fw) > p(f). The equality holds if and only if Fw is a generalized
curve foliation.

Let C:{f(z,y) = 0} be a reduced plane curve. In what follows we consider:

o [Fol(f)] the set of all 1-forms W, defining a nondicritical foliation Fy, such that
f divides W A df.

e Fol(f) the set of nondicrital foliations defined by elements of [Fol(f)] which union
of separatrices is C': { f(z,y) = 0}.

In this paper, we will present new characterizations for generalized curve
foliations.

3. Characterization of Generalized Curve Foliations
with Monomial Separatrix

In this section, we characterize the nondicritical generalized curve foliations with
monomial separatrix, by means of the weighted order defined as following

2350028-6
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Definition 3.1. Let p,q € N\{0}. The weighted order v, , for power series and
1-forms is:

Up.q E ai,jxiyj =min{ip + jq : a;; # 0}
%,
and

Up.q ZRi,ijlyjdxwL ZSi,jxiyjfldy =min{ip+jg : R;j#0or S;;#0}.

2% 0]
Let f € C{z,y} and n, m positive integers not necessarily coprime. For f = y™—
2™, Frank Loray obtained a prenormal form of an arbitrary element Fy € Fol(f).

Theorem 3.2 ([10, page 157]). If f = y™ — 2™ and Fw € Fol(f) then
W=df+ > Py(f)a'y (nady —myda), (4)

0<i<m—2
0<j<n—2
for some P, j(z) € C{z}.
For f(x,y) = y™ — 2™ with 0 < n < m not necessarily coprime, we will give a
characterization when the foliation Fy € Fol(f) is generalized curve.
The 1-form W in ) can be rewritten as

W =df + (A(z,y) + f(z,y)g(x,y)) (nedy — mydzx), (5)

where g € C{z,y} and A(z,y) = ZO§i§m72,O§j§n72. a; jxiyl.
Since m > n, if d := ged(n, m) then there are integers p,q € N\ {0} with

mp —ng = d. (6)
Lemma 3.3. Let Fww € Fol(f) be a foliation defined by W as in @). If
Unm(A(x,y)) > mn —n —m then the toric morphism
O(u,v) = (uPvd, ulv®),

desingularizes Fw and the singular points of its strict transform are (0,0) and
(€,0), where €4 = 1. Moreover the Jacobian matriz at the point (0,0) is

mn

-2
d (7)
0 ngq

and the Jacobian matriz at the point (€,0) is

mn 0

8
* —d (1 + Z Ay sgp(T+1)+Q(5+l)qn> ’ ( )

T8

where r, s verify m(r + 1) + n(s+ 1) = nm.
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mm
T 1

Proof. Note that II*W = w9 v - W', where

W' = [(ng — mpu®) + (ng — mp)G + h(u, v)(nqup'*'quTm - pmud"'p'*'quTm)]vdu

+ %(1 —u)u + mh (up+q+1vmd+n - up+q+d+2vmd+n) dv, 9)
with G = Zai7jup(i+1)+q(j+1)—qnvm(j+1)+nd<i+1)—mn and h(u,v) c (C{u,v}. By

hypothesis, if (i, 7) € supp A then ni+ jm > mn—m—n, and we have ord,(G) > 0.
On the other hand we claim that ord,(G) > 0, that is p(i + 1) + ¢(j + 1) > gn.
In effect, from ni + jm > mn —n —m and mp — ng = d we get p(i + 1) +

(G + 1) = PolitlEemG+D) _ d(it1) 5 pmn—dGi+1)
n n n
pmn—d(j+1) S pnm—dn
n n

. Since 0 < j < n — 2 we have

,sop(i+1)4+4q(j+1)>pm—d=ng.

Therefore the singular points of Fy are (0,0) and (£, 0), with ¢4 = 1. The point
(0,0) corresponds to the intersection of the exceptional divisors, the other points
correspond to the irreducible components of y” — z™.

Rewrite @) as W’ = R(u,v)du + S(u,v)dv. We get S,(0,0) = =7, S,(0,0) =
R,(0,0) = 0 and R,(0,0) = ng, so the Jacobian matrix at (0,0) is () and the origin
is not a saddle-node. On the other hand S,(§,0) = ™, S,(£,0) = R,(£,0) = 0
and Ry(§,0) =143, (1 1)tn(st1)=mn Ay sPrHDFa(sF)—an Hence the Jacobian
matrix at (£,0) is (). |

Using Lemma B3] we get the following theorem.

Theorem 3.4. Set f = y™ — 2™ with 1 < n < m. Let Fyy € Fol(f) be a foliation
defined by W as in [@Bl). Then Fw is a generalized curve foliation if and only if
Un.m(A(z,y)) > mn—n—m, and <1+Zm(r+1)+n(s+l):mn ar,sgp(r+1)+‘1(5+1)—q") ¢
Q~ U {0}, where £ = 1.

Proof. Suppose that the foliation Fyy is generalized curve. Since its union of sep-
aratrices is {f(z,y) = 0} and by Proposition 24l we get the equality N'P(W) =
NP(df) and we have vy, ,,, (W) > mn. In addition, using the representation given
in @) we have vy, (y Y a;j2'y/dz) > mn and v, m(2 Y a; j2'y?dy) > mn; so
Unm (A(z,y)) +n+m=n(i+1)+m(j+ 1) > mn. Moreover the points (£,0) are
not saddle-nodes, hence by (&) we get (143, , a, P FDTaltD=an) ¢ Q= U {0}.

On the other hand, the hypothesis vy, m(A(z,y)) > mn —n —m allows us to
apply Lemma Since (143, , ay LPUrTHTalsth=an) ¢ Q= U {0} we conclude
that Fy € Fol(f) is a generalized curve foliation. m|

Example 3.5. Suppose that W = d(y3 — 2°) + axy(3xdy — 6ydx), where a € C.
In this case p = ¢ = 1 (see (@), and the toric morphism is z = uv, y = uv?. The

2350028-8



Weierstrass 1-forms and nondicritical generalized curve foliations

total transform of W is
W u?0°[((3 — 6u®) — 3au)vdu + 6(1 — u®)udv] = u*v® (R(u, v)du + S(u, v)dv),

where R(u,v) = ((3—6u?) —3au)v and S(u,v) = 6(1 —u3)u. Then the singularities
of the strict transform of W are (0, 0), (£, 0) with €3 = 1. Now 6(r+1)+3(s+1) = 18
if and only if (r,s) = (1,1). Hence, if (1 +af) € Q= U{0}, for some & with zi® = 1,
then the foliation Fy is not generalized curve.

Mattei and Salem [I1] consider a family of foliations, more general than the
generalized curved foliations, called foliations of the second type, where saddle nodes
are admitted in the reduction process, provided that they lie in the regular part of
the divisor, with their weak separatrices (the separatrices associated with the zero
eingenvalue) transversal to the divisor.

In the following corollary, we give the condition in order that a foliation of
second type becomes a generalized curve foliation following [6l, Theorem 1.2(b)]:

Corollary 3.6. Let Fy € Fol(f) be a foliation defined by W as in ([B). Suppose
that Fy € Fol(f) is of the second type. Then Fy € Fol(f) is a generalized curve
foliation if and only if

1+ Z ar,sgp(r—s-l)-&-q(sﬁ-l)—qn ¢ QU {0}

m(r+1)+n(s+1)=mn
Proof. It is a consequence of [6 Theorems 1.2, 3.4]. |

Remark 3.7. From Theorem [34] we can deduce [6] Proposition 5.7]: let n,m
be two positive integers which are not coprime. Consider f(x,y) = y™ — 2™ and
Fw € Fol(f), where W = df + A’(z,y)(nzdy — mydx) with A(z,y) € C{z,y}. If
we suppose that ig(A’, f) > mn —m —n then from the proof of Lemma [33] we get
that ord,(G) > 0. Hence —d(1 + Y, , a, &Pt talst)=am) — —q In particular,
the foliation Fyy is generalized curve.

In Example B3 we have a family of nondicritical generalized curve foliations
Fw with ig(A’, f) = mn —m —n when (1 +a&) ¢ Q- U{0}.

4. Welierstrass 1-Forms

In this section, we introduce, using the Weierstrass division of power series, a dis-
tinguished equation for a given 1-form, with respect to any polynomial having as
principal coefficient a unit of C{x}, called Weierstrass 1-forms. These expressions
turn out useful for calculations and in particular in this work for the study (and
characterizations) of generalized curve foliations. The Weierstrass 1-forms are well-
defined for any 1-form with respect to any polynomial in C{z}[y] with a unit as
leading coefficient. Nevertheless, in this paper we are using the Weierstrass 1-forms
associated with 1-forms defining nondicritical foliations.
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Let f=>" ,ai(z)y" " € C{z}[y] be a polynomial (not necessarily irreducible)
of degree deg,(f) = n, ag(0) # 0 and W € Qf, ; be a 1-form. Here we do not
suppose that C': {f(z,y) = 0} is the union of separatrices of the foliation Fyy .

We will assume that deg, (0) = —oc0.

In the following lemma, we obtain an equation of W in function of f and df.

Lemma 4.1. If W € Q. and f(z,y) = > gai(x)y"" € Clz}y] with
deg,(f) = n > 1 and ag(0) # 0, then there exist unique h,p € C{z,y} and
A, B € C{x}[y] with deg,(B) <n — 1 and deg,(A) <n such that

W = hdf + pfdz + Adz + Bdy. (10)

Proof. Put W = R(z,y)dz + S(x,y)dy € Q(%ZZ,O' After the Weierstrass division of
S by fy, there exist h € C{z,y} and B € C{z}[y] such that S = hf, + B, where
deg, B < deg, fy, = deg, f—1 =n—1and W = Rdz + hf,dy + Bdy. Since
df = fydx + f,dy then W = (R — hf,)dz + hdf + Bdy. Now, by the Weierstrass
division of R — hf, by f there exist p € C{z,y} and A € C{z}[y] such that
R—hf, =pf+ A with deg, A < deg, f =n and

W = hdf + pfde + Adx + Bdy.

Suppose that hidf +p1 fdz+ Ayde+ Bidy = hod f +po fda + Asda+ Bady with
hi,pi € C{z,y} and A;, B; € C{x}[y] with deg, (B;) < n —1 and deg, (4;) < n for
1= 1,2 Then (hl — hg)fy = BQ — Bl and (hl — hg)fr + (pl 7p2)f = A2 — Al.

As degy(Bi) <n-1= degy(fy), we get hy = hg and B; = Bs. Similarly,
deg,(A;) <n = deg,(f) implies that p; = py and A; = A,. O

Definition 4.2. Let W € Qf, jand f = Y21 ai(2)y" ™" € C{a}[y] with deg, (f) =
n > 1 and ag(0) # 0. The Weierstrass form of W with respect to f is hdf +pfda +
Adzx + Bdy, where h,p € C{x,y} and A, B € C{x}[y] are unique and satisfying
deg,(B) <n —1 and deg,(A4) < n.

We can rewrite (I0) as
W = hdf +pfde + w, (11)

where w = Y A; j2* 'yide+ Y B; jaty’~'dy = Adz+ Bdy for some A, j, B; ; € C.
Since deg, B <n — 1 then By, = 0.

Observe that, in ([, h, p and w depend on f.

Moreover if W = R(x,y)dax+S(x,y)dy € Q(%ZZ,O’ where R(z,y), S(x,y) € C{z}[y]
and f € C{z}[y] with deg, (f) > max{deg,(R),deg, (S)+1} then,in (II),h=p =0
and the Weierstrass form of W is w.

Example 4.3. Consider the prenormal form W = df + (A(z,y) +
f(z,y)g(x,y))(nady — mydzx) given by Loray (see (H)), where f(z,y) = y" — 2™
and A(z,y) = ZO§i§m72,O§j§n72 aijr'y’.
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Applying the Weierstrass division there are ¢ € C{x,y} and B € C{z}[y] such
that (A(z,y) + f(z,y)g9(x,y))nx = ¢f, + B, deg, B < n— 1. Moreover ¢(0,0) = 0.
Hence W =df — mygfda + o(df — fodz) + Bdy — myA(z, y)da.

Similarly there are ¢ € C{z,y} and A € C{z}[y] such that —¢f, —myA(z,y) =
¥ f+ A with deg, A < n. Hence the Weierstrass form of W is

W = (14 p)df + (v —myg)fdz + Adx + Bdy,

with h(z,y) := 1+ ¢ and p := 1) — myg. In this example, h(0,0) = 1, so h is a unit
of C{z,y}.

Remark 4.4. Note that the Kéhler differential module of the local ring Of :=
C{z,y}/(f)is Qp := Qéz,O/J, where J := (C{x,y}df—l—fﬂ}cz,o. So, given W € Q<1C2,07
the 1-form w in (Il represents the class of W in . In particular, if f is irreducible
and ¢(t) = (z(t),y(t)) is a parametrization of f(z,y) = 0 then p*(W) = p*(w) and
ordip* (W) = ordyp* (w). The set A = {ordi*(W)+1:W € Q(%?,o} is an important
analytic invariant of f(z,y) = 0 (see [8 [19]).

Proposition 4.5. Let W € [Fol(f)] as ), where h is a unit of C{x,y} and

f(x,y) =0 g ai(x)y™ " € C{z}[y] with n = deg,(f) = ordf and a¢(0) # 0. Then
Fw € Fol(f), that is C is the union of separatrices of Fy .

Proof. Given that degy( f) = ordf, the multiplicity of W equals the multiplicity
of hdf 4+ w. Since h is a unit we get mult (W) = min{ord(f, + A),ord(f, + B)} <
ord(fy, + B). But By, = 0 and ordf = deg,(f), so ord(f, + B) <n — 1. Hence

mult (W) <n—1. (12)

Suppose that Fy has other separatrix g(z,y) = 0. By Theorem 22 we have
mult (W) > ord(fg) — 1 > n — 1, which is a contradiction after the inequality (IZ)).
O

In Section [ we will see how the Weierstrass 1-forms allow us to give new a
characterization of generalized curve foliations with one separatrix and sufficient
conditions for the general case. We can also characterize the second type foliations
using the Weierstrass 1-forms. To do this, we first remember the characterization
given by Mattei and Salem.

Theorem 4.6 ([11, Théoréme 3.1.9]). Let W be a 1-form. Suppose that Fy is
a non dicritical foliation and C:{f(x,y) = 0} is its union of separatrices. Then
Fw is a second type foliation if and only if mult(W) = mult(df).

Let f(z,y) = Yl gai(z)y"" € C{z}[y] with n = deg,(f) = ordf and
ap(0) # 0. Consider a 1-form W € Qég,o in its Weierstrass form as (III), where
w = A(z,y)dx + B(x,y)dy. Let us relate some algebraic aspects of the 1-forms W,
w and the parameters h and p in the Weierstrass form.
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Note that (‘;‘;/A\ii € (f) if and only if d“;&%’; € (f). More specifically, g is the

cofactor of W, that is W A df = gfdz A dy, if and only if the cofactor of w is
g—nly
In addition, remark that:

e If 2(0,0) = 0 then mult (W) = mult (df) if and only if mult (w) = mult (df).
e If 2(0,0) # 0 then mult (W) = mult (df) if and only if mult (w) > mult (df).

As, by Theorem [0 the equality mult (W) = mult (df) characterizes the 1-
forms that define second type foliations, we can read this property using w.

In ([[d) we remarked that for any Weierstrass form W = hdf + pfdz + w, where
w= Y Az lyidz + Y B; jaty’tdy = Adx + Bdy for some A; j, B;; € C, we
get By, = 0.

If f € K(n,m)and W € [Fol(f)] we can obtain additional information about
the coefficient A.

We can write, without lost of generality

flay) =y"—a™+ Y aa'yl (13)

int+jm>nm

Lemma 4.7. Let f € K(n,m). If W € [Fol(f)], with W as in (), then Apmo = 0.

Proof. Consider f(z,y) as in (I3). Since C:{f(z,y) = 0} is the separatrix of
Fw and w = W — hdf — pfdx then f(x,y) = 0 is also a separatrix of w. Con-
sider a parametrization of f(x,y) = 0 given by (z(t),y(t)) = (", t™ + ---),
where --- means terms of greater degree. Therefore Y. A; jz(t)" " ly(t)dxz(t) +
> Bi jz(t)'y(t)’tdy(t) = 0. Suppose that A,, o # 0. Since A, oz(t)™ *dx(t)
nAmot™ 1 then there is (ig,jo) € supp.A U suppB such that nig
mjo = nm, where A = Y A;x(t) " y(t)dz(t) — nd,ot"™" ! and B

> By () y(t)’~tdy(t). But n and m are coprime, so (ig,jo) € {(m,0),(0,n)
which is a contradiction since these points are not in supp A U supp B.

)

o= I + 1

We finish this section by studying the behavior of the Weierstrass 1-forms after
a blowing-up.

Let f=>" ;a;(z)y"" € C{z}[y] be a polynomial (not necessarily irreducible)
with deg, (f) = ordf = n, ag(0) # 0 and W € Q<1c2,0' Considering the Weierstrass
form of W respect to f, we have W = hdf 4+ pfdx + w, with w = Adzx + Bdy.

Denote ¢! (respectively, V(1) the strict transform of any ¢ € C{z, y} (respec-
tively, on any 1-form V') by the canonical quadratic transformation (x,y) — (z, xy)
defining a blowing-up.

Lemma 4.8. Under the above conditions, we have
w = xnfvfu(h)h(l)(x,y)d(f(l))
+ [nxnfvflqtu(h)h(l)(x, y) + In7v+u(p)p(1)(x’ y)]f(l)dx + Ivofvw(1)7
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where v = mult(W), vo = mult(w) and v(-) denotes the order of an element of

C{z,y}.

Proof. If mult(W) < n — 1 we have p = h = 0 in the Weierstrass form and the
result is evident.

We consider now mult(W) = v > n — 1 and mult(w) = vo.

Since deg, (f) = ordf = n and ag(0) # 0 we get ord(a;(x)) > iforalli =0,...,n
and consequently we get

(fD)y = (W and a(fD)e = 2> (f) D +y(f)D —nfV, (14)

where s = ord(f,) > n — 1. In particular, we have
(df)V = 2d(fV) + nfDdz. (15)

Similarly, a calculation shows that

WD = —((A(z,zy) + yB(z, zy))dz + vB(z, 2y)dy). (16)

xvo
Now from Equations (I4)—(I8) we have
W(l) _ xnfvfu(h)h(l)(x7 y)d(f(l)) + [nxnfvflqtu(h)h(l) (:17, y)
+ gt ) (z, y)]f(l)dx 4 gro—v (1) 0O

With the notations of Lemma [£8 we notice that deg, (vB(x,zy)) = deg,(B) <
n— 1= deg, ((f),) = deg, (1) — 1 and

deg, (A(z, zy) + yB(z, zy)) < min{deg, (A(z, zy), deg, (yB(z, zy))}

<n= degy(f(l)).

Remark 4.9. If W € Fol(f) and v = n — 1, that is, W define a second type
foliation then

WD = pr()+1p 1) (z, y)d(f(l))

+ (m;u(h)h(l) (z,y) + xu(p)ﬂp(l)(x’ y))f(l)dx 4 gro—v (1)

5. Characterization of Generalized Curve Foliations

In this section, we present our main results. For that we need the notion of GSV-
indez.

Let f(z,y) € C{z,y} and W € [Fol(f)]. By [9, p. 198] in the irreducible case
and [16, (1.1) Lemma)] in the reduced case, there are g,k € C{z,y} and a 1-form n
such that gW = kdf + fn, with f and k coprime.
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Definition 5.1. With the above notations, the GSV-index of W with respect to
C:{f(z,y) =0}is

GSV(W,C) = — 94 (E)

2mi oc k \g

Suppose that f(z,y) is irreducible and consider a parametrization (z(t), y(t)) of
C. Write W = R(x,y)dz + S(x,y)dy and n = p(z, y)dx + ¢(z,y)dy. We have

k k
W = (—fI + ip) dz + (—fy + iq) dy.
g g g g
On the other hand,
k - (%fy + 5‘])
g fy

so the number of zeroes of k restricted to C' minus the number of zeroes of g

restricted to C' equals ordtfi(:z:(t),y(t)). Hence by Rouché-Hurwitz theorem, we
Y

have

(=(t), y(1)),

GSV(W,C) = ordtfi(w(t),y(t)). (17)

A similar calculation as before shows that

GSV(W,C) = ordtfx( z(t),y(t))-

Now, consider C : {f(x,y) = 0} for f = f1 - fa reducible. After [2 p. 532], we
have

GSV(W,C) = GSV(W,Cy) + GSV (W, Ca) — 2io(f1, fa), (18)

where C; : { fi(z,y) = 0}.
Cavalier and Lehmann gave a characterization of generalized curve foliations
using the GSV-index:

Theorem 5.2 ([5, Théoréme 3.3]). Let C:{f(x,y) = 0} be a reduced curve and
Fw € Fol(f) a nondicritical foliation. Then Fw is generalized curve if and only if
GSV(W,C) =

Let f = Y ai(x)y"" € C{z}[y], reduced with ag(0) # 0 and f =
fi--- fr is its factorization into irreducible factors. Consider C': { f(z,y) = 0} and
Cj:{fi(x,y) =0}, for 1 <j<r.

The following proposition stablishes a characterization of nondicritical general-
ized curve foliations in terms of the polar S of the foliation Fy and the polar f, of
the separatrix C': {f(z,y) = 0}.

Proposition 5.3. Fiz f =" a;(x)y" " € C{z}[y], reduced with ag(0) # 0. Let
Fw € Fol(f) with W = R(x,y)dz + S(z,y)dy. Then Fw is a generalized curve
foliation if and only if io(S, f) = u(f) + io(f,x) — 1 = io(fys f).
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Proof. Let (z;(t),y:(t)) be a parametrization of C;:{fi(z,y) = 0} for 1 <i < r.
By (D) we have GSV(W,Ci) = ordi (7 Stifaigsy) = i0(S, fi) = io((fi)ys fo)-
Hence, after ([I8) we get

T T

GSV(W,C) = Zio(s» fi) = Zi0<<fi)yvfi) —2 Z io(fi, f5)-
i=1 i=1 1<i<j<r
Since io(S, f) = >oi_;40(S, fi), using Teissier formula (see ([2)) we have
t0((fi)y, fi) = u(fi) +i0(fi, ) — 1. Consequently

GSV(W,C) = io(S, f) Zufz—zof, +r—2 Y iolfir fy)-

1<i<j<r

Now by the Milnor formula for reduced curves (see [I8, Theorem 6.5.1]), we get
GSV(W,C) =io(S, f) = p(f) —io(f,2) +1

By hypothesis f is reduced and z does not divide f, so u(f) —io(f,z) + 1 is
finite and after Theorem [5.2], Fy is a generalized curve foliation if and only if

iO(S’f):N<f)+i0<f7$)_1:iO(fafy)' U

In the following theorem, we give information of a generalized curve foliation
by means of the Weierstrass form with respect to the union of its separatrices.

Theorem 5.4. Fiz f = Y1 ja;(z)y" " € C{z}[y], reduced with ag(0) # 0. Let
Fw € Fol(f) and hdf +pfdax+ Adx+ Bdy the Weierstrass form of W with respect
to f.

(a) If Fw is a generalized curve foliation then h is a unit and io(B, f) > io(f, fy)-
(b) If his a unit and io(B, ) > io(f, fy) then Fw is a generalized curve foliation.

Proof. First we suppose that Fyy is a generalized curve foliation which union of
separatrices is C': {f(x,y) = 0}. Hence, by Theorem [Z4] we have that N'P(W) =
NP(f). Moreover, since hdf + pfdx + Adx + Bdy is the Weierstrass form of W =
R(z,y)dx + S(x,y)dy with respect to f we get By, = 0, in particular we conclude
that h is a unit. On the other hand, by Proposition 53] io(fy, f) = (S, f) =
io(hfy + B, f). We finish the proof after properties of the intersection number.

If b is a unit and io(B, f) > io(f, fy) then io(hfy, f) =io(fy, f) <io(B, f). So
i0(S, f) = io(hfy + B, f) = io(fy, f) and, by Proposition 5.3 Fw is a generalized

curve foliation. O

The following example illustrates that if h is a unit and io(B, f) = io(fy, f)
then we cannot conclude that Fyy is a generalized curve foliation.

Example 5.5. Consider W = d(y? — 2°) + axy(3zdy — 6ydz), where a € C* given
in Example
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In this case, W = R(x,y)dz + S(x,y)dy where R(z,y) = —6x(z* +
ay?), S(x,y) = 3y(y + az?®) and io(S, f) = io(fy, f) = 12 if and only if a® # —1.
Hence, after Proposition (.3 Fy is a generalized curve foliation if and only if
ad # —1.

On the other hand, the Weierstrass form of W with respect to f = 3> — 2% is
given by hdf +pfdx+ Adx + Bdy with h =1, p = 0, A = —6azy? and B = 3az>y.
So, for a® = —1 we get h a unit, io(B, f) = 12 = io(fy, f) but Fw is not a
generalized curve foliation.

In fact, as we state in Theorem [B.4] in addition to the intersection number
hypothesis we need a condition on the coefficient a € C*.

The situation presented in the above example does not occur for the case of
foliation with just one separatrix as we will show in the following subsection.

5.1. The irreducible case

Let f € C{x}[y] an irreducible monic polynomial of degree n = ord f with semigroup
I(f) = (vo,v1,v2,...,v4) (vo = n). Remember that we denote e; = ged(vo, ..., v;)
fori e {0,...,¢9} and n; = egl fori € {1,...,g}. In addition, as deg, f = ordf =n
we get io(f,2) = vg. By convention we put ng = 1. We say that f; € C{a}[y] is
a k-semiroot of the polynomial f if f; is monic, deg, (fx) = :—2 = ngny -+ -ny and
i0(fr, [) = vgt1 for k=0,..., g where vy41 = co. Note that f, = f. The notion of
semiroot is a generalization of the characteristic approximate roots introduced and
studied by Abhyankar and Moh in [I].

Applying [12, Corollary 5.4] to the polynomial B € C{x}[y] in ([IJ), it can be

uniquely written as a finite sum of the form

B=>aa(a)f§" - fo¥, (19)

finite

where aq(x) € C{z}, fi are k-semiroots of f and 0 < a; <nj; for j =1,...,¢ and
agy1 € N. Since deg, B < deg, f — 1 the polynomial f; = f does not appear as a
factor in the terms of the right-hand side of (I9).

As a k-semiroot fj is irreducible and admits semigroup (Z—: = %, Z—; =
g, ceey Z—:) it follows that its Newton polygon has a single compact face with ver-
tices (0, ¢+) and (-, 0) and consequently vy m(fr) = .

In this way, using the relations () we get

nm SAn-on
. Mgl
io(f, fk) = k1 = — + Z —————(8i = Bi-1)
€L i—2 N1
k+1 e
i—1
= V(i) + Y —(Bi — Bi—1)- (20)
1=2 Ck
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In particular, ig(f, f&) > vn.m(fr) with equality if and only if & = 0.

Remark 5.6. For any two distinct terms T, := aq(x)f5* ---f;‘_gl and T, :=
Ao () f5 -+ [y of (@) we get io(Ta, f) # io(Tur, f)-
In addition, remark that we cannot have a; =n; —1 for alli =1,..., g. Indeed,
if this is the case, we get
g g9
degy(B) = Z(Th — 1) degy(fl-,l) = Z(TLZ — 1)TL()TL1 M1
i=1 i=1
g g
= Znonl S M1y — Znonl T M-
i=1 i=1
=noni---ng—ng=vg—1=n-—1,

which is a contradiction.
As a consequence of ([20) and Remark 5.6l we have that i (f, B) > vy, (f) with
equality if and only if f € K(n,m).

Lemma 5.7. With the above notations, if f is irreducible and B € C{x}[y] with
deg, B <n —1 then io(B, f) # io(fy, f)-

Proof. Suppose that i(fy, f) = i0(B, f). After Remark [50], there exists a unique
g-tuple (aq,...,ay) with 0 < o; < n; such that

Zo(B,f) = io(aa(.’ﬂ) g‘l S f;;ql,f) = Zaivi + Aovo,

i=1
where \g = ordgaq(x). Now, by @) we get io(fy, ) = p(f) + io(f,z) — 1 =
p(f)+vo—1=>7(n; — 1)v; (see, for example [7, Proposition 7.5(ii), p. 102] for
the last equality). In this way, we have

g g
> (i = Doi = io(fy, ) = io(B, f) = >_ avi + Ao,

i=1 i=1
that is >°7 1 (n; —1—a;)v; — Agvg = 0. But, this implies that A\g = 0 and oy; = n; —1
for all i =1,...,g, which is a contradiction. Hence, io(fy, f) # i0(B, f). O

Remark 5.8. Observe that Lemmal5.7is not true for f reduced (non-irreducible):
consider f(x,y) = y* —2? and B = z*. We have deg,(B) =0 < 1 = deg,(f) — 1,
io(fy, f) = 2 and io(B, f) = 2a. So, for a = 1 we get io(fy, f) = i0(B, f) and
io(fy, ) # i0(B, f) for a # 1.

Corollary 5.9. With the above notations, for [ irreducible we have, io(B, f) >
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Proof. Suppose that io(B, f) > io(fy, f) = to(hfy, f) since h is a unit. Then

Z'0<h‘fy + vi) = min{i0<hfyvf)’i0(B’f)} = iO(fy’f)»

and by Teissier’s lemma (see [))) we have ig(hf, + B, f) = p(f) + io(f,z) — 1.
Now we suppose that ig(hf, + B, f) = u(f) + io(f,z) — 1 for h unit, that is,
by Teissier’s lemma, io(hf, + B, f) = io(f, fy) and by Lemma [51] we conclude
Z'0(vi)>7;0(fy’f)' o

Remark 5.10. If W is written as ([I0) and W € [Fol(f)] then A(x,y)dz +
B(z,y)dy € [Fol(f)]. We must have io(4, ) + vo = io(B, f) + v1. Hence by (@)
and (H) we get ZO(Avf) - Zo(fzvf) = ZO(vi) - ZO(fyvf) SO, ZO(vi) > ZO(fyvf) if
and only if, ig(A, f) > io(fs, f). Moreover, if f is irreducible then, by Lemma (5.7
we have iO(Av f) 7é iO(fx» f) 807 Zo(hfib + A7 f) = min{io(fx, f)viO(Av f)} for any
unit h € C{xz,y}. Consequently io(hf, + B, f) = u(f) +io(f, ) — 1 if and only if
io(hfz + A, f) = p(f) +io(f,y) — 1 for any unit h € C{x,y}.

The following theorem provides us a characterization of generalized curve foli-
ations with a single separatrix in terms of its Weierstrass form to respect this
separatrix.

Theorem 5.11. Let f(x,y) € C{x}[y] be irreducible, Fw € Fol(f), where hdf +
pfdz + Adx + Bdy is the Weierstrass form of W with respect to f. Then Fy is
a generalized curve foliation if and only if h € C{x,y} is a unit and io(B, f) >

7;0 (fy» f) .
Proof. It is a consequence of Theorem [5.4] and Corollary 5.9 O

The following corollary gives us a characterization of generalized curve foliations
with a single separatrix of genus 1 in terms of the weighted order (see Definition [BT]).

Corollary 5.12. Let f € K(n,m), Fw € Fol(f), where hdf + pfdx + Adx + Bdy
is the Weierstrass form of W with respect to f. Then Fw is a generalized curve
foliation if and only if h € C{x,y} is a unit and v, m(w) > nm, where w =

Adx + Bdy.

Proof. By Remark the equality io(hfy, + B, f) = p(f) + io(f,z) — 1 is
equivalent to ig(hfy + A, f) = p(f) + io(f,y) — 1 for any unit h € C{z,y}. Tt
follows, by Corollary 59, that this is equivalent to claim io(f,, f) < io(B,f)
and io(fz, f) < i0(A, f). As f € K(n,m), we have u(f) = nm —n —m + 1,
io(fy, f) = nm—mand ig(fz, f) = nm—n (see @) and @)). So, nm < io(B, f)+m
and nm < ig(A, f) + n. Since io(H, f) = vpm(H), for any H € C{z}[y] with
deg, H < n = deg, f then ig(hfy, + B, f) = p(f) +io(f,z) — 1 is equivalent to
nm < min{v, p (B) + m, vy m(A4) + n} = vy m(w). We finish the proof using Theo-
rem [5.17] and Corollary (.9 O
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Example 5.13. Let W, = d(y® — 2*) + c2?y(3zdy — 4ydx), ¢ € C*. In this case
n = 3, m = 4 and the Weierstrass form of W, is hdf + pfdz + w with w =
A(z,y)dx + B(x,y)dy = cx®y(3xdy — 4ydx), h =1 and p = 0.

As h is a unit, we conclude that Fy, is a generalized curve foliation using
Theorem [E.1T] since io(B, f) = 13 > 9 = u(f) +io(f, ) — 1 and by Corollary 512
since vg 4(w) =17 > 12 = nm.
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